Financial Economics Risk Neutrality and the Expectations Theory

Notation

Let BT denote the price at timet of arisk-free pure discount
bond worth one dollar at its maturity in T years, at timet + 7.
ThusR? = 1.

Let R denote the yield to maturity on this bond. By definition,

=g,
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Expectations Theory

The expectations theory says that the long-term interest rateis
the average of current and expected future short-term rates. For
example, the two-year interest rate is the average of the current
one-year rate and the one-year rate expected for next year,

R = 2[R+ (Rh)]. &
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Perfect Foresight

For the case of perfect foresight, the expectations theory
follows from the rate-of-return condition, that long-term and
short-term bonds must have equal holding-period returns,
regardless of the holding period.
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One-Year TimeHorizon
Consider a one-year time horizon. One dollar invested at timet
in aone-year bond isworth
1
Ptl
at timet + 1. One dollar will buy 1/P? units of atwo-year bond

at timet, so the investment will be worth
1
R

Ptz

attimet + 1.
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The rate-of-return condition says that the two returns must be

equal,
1 Ry

= = HL 2
R R @

The expectations theory (1) follows:
R = —% InR?
1
=3 [INR+InPL 4], by (2)

(Rtl + Rtl+1) .

NI =
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Two-Year TimeHorizon

Alternatively, consider atwo-year time horizon. One dollar
invested at timet in atwo-year bond is worth

1
Ptz
at timet + 2. One dollar invested in aone-year bond at timet

and then rolled over into another one-year bond at timet + 1

will be worth
1
R'PY4
at timet + 2.
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The rate-of-return condition says that the two returns must be

equal,
1 1
= . 3
RIRL, R X
Since (3) isthe same as (2), again the expectations theory (1)
follows.
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I nterest-Rate Risk

Alternatively, suppose that there is uncertainty about future
interest rates. Attimet, Y, and R ; are uncertain.
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One-Year TimeHorizon

One might require risk neutrality with a one-year time horizon.
The condition that both investments have the same expected

rate of returnis

1 E(RL)
RR @
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Two-Year TimeHorizon

Alternatively, one might require risk neutrality with atwo-year
time horizon. The condition that both investments have the
same expected rate of returnis

1 1 1
St o | = o ©)
R \Ru/ R
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I nconsistency

With uncertainty, the risk-neutrality conditions (4) and (5) are
inconsistent (Stiglitz [1]). Both cannot be true simultaneously:
by Jensen’sinequality (1),

(o) &
t .
R E(RL)
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Autocorrelation

The source of the inconsistency is the autocorrelation of the
holding-period return on abond. The yield to maturity fixes the
total return over the life of the bond. Consequently a higher
holding-period return in one period is necessarily offset by a
lower holding-period return in alater period.

12
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Expectations Theory

Furthermore, both risk-neutrality conditions are inconsistent
with the expectations theory (1).
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One-Year TimeHorizon

Risk-neutrality with a one-year time horizon violates the
expectations theory:

thz—%InPt2

IR’ +In& (R%1)], by (4)

NI =

< f% [INR*+E; (InRL,)] , by proposition (1)
1
9 [Rtl+ E (Rtl+1)] :
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Two-Year TimeHorizon

Risk Neutrality and the Expectations Theory

Risk-neutrality with atwo-year time horizon also violates the
expectations theory, but in the opposite direction:

Rf:—%lnPt2

1 1
=—Z|InRt—InE | =— | |, by (5)
2[ t <P>]

> _:_ZL [InPtl—Et (Inp%)] . by proposition (1)

t+1
B % [RE+E (Rea)] -
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Implication of the Expectations Theory

Conversely, one can work backwards from the expectations
theory (1) to find itsimplication for the risk-neutrality
conditions (4) and (5).
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For the one-year time horizon, the expected holding-period
return on the two-year bond exceeds the expected return on the
one-year bond:

E (Pl ) Rl
TtZH = eZRtZE[ (e Rt+1>
> eRe B(Ri1) | by proposition (1)
=&, by (1)
1
g
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Two-Year TimeHorizon

For the two-year time horizon, the expected return on the
sequence of one-year bonds exceeds the expected return on the
two-year bond:

1 1 1 1
il = =R
AL (Pl > ¢ ()

t+1

> R (Ri1) | by proposition (1)

— & by (1)
B 1
=
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Approximation

One interpretation isto see the expectations theory just as an
approximation.

Even though there is no satisfactory theoretical derivation of
the theory, one can nevertheless test the theory with data.
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Jensen’s | nequality

Proposition 1 (Jensen’s I nequality) For a strictly convex
function f of a random variable x, then

E[f (] > F[EX)],
aslong asxis uncertain.

Theinequality isreversed if the function is strictly concave.

Theinverse 1/x and the exponentia e are strictly convex, and
the logarithm In is strictly concave.
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