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Payoff Space

The set of possible payoffsistherange R(A). This payoff
space is a subspace of the state space and is a Euclidean space
inits own right.
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Pricing Kernel

By the law of one price, two portfolios with the same payoff y
have the same cost. Cost is linear, so there exists some linear
function (p,y) on the payoff space that equals the cost of the
portfolio. Necessarily p € R(A) isunique.

For a portfolio x such that y = Ax, the cost
(v,x) = (p,y) = (p,AX) ,

S0 p is a stochastic discount factor. One refersto p as the
pricing kernel.
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Definition 1 (Pricing Kernel) The pricing kernel isthe unique
stochastic discount factor in the payoff space.
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Formulafor the Pricing Kernel

Pricing Kernel and Expectations Kernel

For any stochastic discount factor,
Aly=v.

There existsasolution y if and only if the law of one price
holds. The solution set isthen

{ATW} +N (AT) : )

By the fundamental theorem of linear algebra, N (A") and the
payoff space R (A) are orthogonal, so the pricing kernel must
be the expression in braces.
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Theorem 2 (Pricing Kernel) The pricing kernel is

p=A'"v. (2)

Even if there is no opportunity for profitable arbitrage, it is not
necessary that p > 0.
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L east-Squares I nterpretation

Consider the |east-sguares linear regression of the dependent
variable v on the independent variables AT with regression
coefficients p.

Problem 3 (Pricing Kernel as L east Squares)

mgn<v—ATp,v—ATp> .

The solution set for the regression coefficientsis (1), and (2) is
the unique solution in R(A).
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Expectations Kernel

The expected payoff on portfolio X is (1, Ax).

Since expectation is linear, the expected payoff is some linear
function (e,y) on the payoff space, for aunique e.

Onerefersto e as the expectations kernel.
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If there exists arisk-free portfolio (if 1 € R(A)), then of course
e=1

If thereis no risk-free portfolio, necessarily e # 1.
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For any X, e must satisfy

(1,AX) = (e,AX),

<AT1,X> - <ATe,x>.
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Since this condition must hold for any x, therefore
Ale=AT1 (©)

Since e necessarily exists, this equation has a solution. The
solution setis

{ATATL} 4N (AT).

By the fundamental theorem of linear algebra, N (A") is
orthogonal to the payoff space R(A), so e must be the
expression in braces.
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Theorem 4 (Expectations Kernel)

e=ATTAT1
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L east-Squares I nterpretation

One can interpret the expectations kernel as the solution to a
|east-squares problem.

Problem 5 (Expectations Kernel as L east Squares)

min (1—-el1—e¢).
ecR(A)
Interpret e as the fitted values of the least-squares linear
regression of the dependent variable 1 on the dependent
variablesA. That e € R(A) means that e = Ax for regression
coefficients x.
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The condition (3) saysthat the residual 1 — eis orthogonal to
the dependent variables. Hence the necessary and sufficient
conditions for |east-squares linear regression are fulfilled. The
expectations kernel (3) is the unigque solution to least-squares
problem (5).
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Sum of Squares

Since the explained sum of squares (e, €) in (5) is necessarily
less than or equal to the total sum of squares (1,1) = 1,
therefore

(ee) <1,

with equality only if e= 1.
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Complete Markets

The asset market is complete if the payoff spaceisthe state
space; any payoff in the state space can be attained by some
portfalio.

-1
Since Aisonto, At = AT (AAT) .
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The pricing kernel isthen
-1
p=Atv= (AAT) Av,

in accord with its least-squares interpretation.

The expectations kernel is
-1
e=AT*AT1= [(AAT) A} AT1=1,

asrequired.
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Standard Consumer Theory

Viathe pricing kernel one can effectively reduce portfolio
choice to the standard theory of the consumer. The pricing
kernel plays the role of the price vector.
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For an investor who wants to maximize utility u, in which
utility is defined on the state space, his portfolio choice solves
the following problem.

Problem 6 (Portfolio Choice)
max u (AX)
subject to the budget constraint

(V,X) = w.

This problem is almost the standard theory of the consumer,
but not quite, since the payoff transformation A is present.
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Clearly a utility function u defined on the state space induces a
utility function u defined only on the payoff space.
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Differential for Utility

If u varies smoothly as the payoff changes, one can define a
differential uy defined in the payoff space that shows how
utility varies as the payoff changes: if the payoff changes by a
small amount yAt (here At isvery small), then to first order
utility changes by

<Uy, y> At.

Even though there is no natural basisin the payoff space, a
payoff y and the differential uy are nevertheless uniquely
defined, coordinate-free vectors.
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Standard Consumer Choice

One can redefine the portfolio choice problem (6) as standard
consumer choice.

Problem 7 (Portfolio Choice)

myww

subject to the budget constraint

(p,y) =w.
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The first-order condition for utility maximization isthe
standard condition

Uy o< p>
in which the positive proportionality factor isthe marginal
utility of wealth.
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