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Efficiency

A payoff is cost/mean/variance efficient if no other payoff has
the same or lower cost, the same or higher mean, and the same
or lower variance, and better in at least one respect.
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Payoff

Financial Economics

Consider a portfolio with payoff y in the payoff space.

Assume that the law of one price holds, so the pricing kernel p
isuniquely defined.

The cost to buy the portfolioisc = (p,y).
The mean value of the payoff ism= (ey).

The variance of the payoff is the expected squared payoff less
the square of the expected payoff,

y) — (e)” = (y, (1-ee") y).
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Linear Combination
Any payoff can be expressed uniquely in the form
y=gp+he+u,

in which u is orthogonal to both p and e. (For agiveny, then g
and h are the coefficients in the least-squares linear regression
of yonpande)
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Cost

The portfolio cost is
¢ = (p,gp+he+u) = (p,gp+he),

s0 the choice of u has no effect on the cost.
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The mean payoff is
m= (e,gp+he+u) = (e,gp+he),

30 the choice of u has no effect on the mean.
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Variance

The payoff variance is
v= <y, (I—eeT) Y>
_ <gp+ he+u, (I —eeT) (gp+he+ U)>
= <gp+ he, (I —eeT) (gp+ he)> +{u,u),

30 the choice u = 0 minimizes the variance.
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Separation Theorem

Theorem 1 (Separation) The payoff on any
cost/mean/variance efficient portfolio is a linear combination
of the pricing kernel and the expectations kernel.
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Risk-Free Asset
For simplicity, let us assume that there exists a risk-free asset.

Condition 2 (Risk-Free Asset)

e=1.
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Let us also assume that at least one asset has a non-zero risk
premium.

Condition 3 (Risk Premium) The pricing kernel p is not
proportional to the expectations kernel 1.

If it were proportional, then the price of every portfolio would
be proportional to its expected payoff.
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Condition 4 (Positive Cost for Risk-Free Asset)

(p,1) > 0.

Of course (p, 1) isthe cost of arisk-free asset yielding onein
each state. If this cost were negative or zero, that it hasa
positive return would imply an arbitrage opportunity.
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Our assumptions have not ruled out every possibility for
arbitrage. Cost/mean/variance efficiency does not rule out the
possibility of arbitrage.
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Cost/M ean Space

Since any efficient portfolio is some linear combination gp + hl
of pand 1, let us analyze portfolio efficiency in (c, m)-space
(figure 1). For any values ¢ and m, a unique linear combination
of p and 1 yields these values.

The pricing kernel has cost (p,p) > 0 and mean (p,1) > 0. The
point p in the upper right quadrant shows this cost and mean.

The expectations kernel has cost (p, 1) > 0 and mean
(1,1) = 1. The point 1 in the upper right quadrant shows this
cost and mean.
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Fiaure 1: Efficient Portfolios

m
E'PF'I i{h l ‘?
e

=75

P (=)

A/

= <Y,D>Q
13

Financial Economics Cost/Mean/Variance Efficient Portfolio Choice

Slope

That the variance of p is necessarily positive means

(p,p) > (p,1)°.

Rearranging gives

(LY _ (pY)

(1)~ (p.p)
The fraction on the left is the ratio of mean to cost for the
expectations kernel. The fraction on theright isthe ratio for the
pricing kernel. Thus the slope from the origin to 1 is steeper
than the slope to p.
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Variance

For payoff gp+ h1, the variance is
V= <gp+ hi, (I - llT) (gp+ h1)> =*(p.p).

The variance is zero on the line from the origin passing
through 1; along this line, the payoff is proportional to 1
(g=0). Along any parallel line, the variance is constant
(g fixed).
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Efficiency

Financial Economics

The cost/mean/variance efficient points are those in the
hal f-space on and above the line from the origin passing
through 1 (alwaysg < 0).

Note that some efficient points have negative mean or negative
cost. Theinvestor can choose a negative cost if he will accept a
negative mean, or a positive mean with a higher variance.

The points relevant for market equilibrium are those with
positive cost, the points in the more shaded cone in the upper
right quadrant (h > 0). Moving upward vertically gains a
higher mean, but offset by higher variance.
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Portfolio Choice

Consider an individual who maximizes utility, a function of
cost, mean, and variance,

u(c,m,v),uc < 0,un > 0,uy < 0.

When risks are small, the tradeoff of mean and variance is half
the absolute risk aversion, so let us use the notation
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Pricing Kernel and Expectations Kernel

Expressed in terms of the pricing kernel p and the expectations
kernel 1, utility is

u((y), wy) (v (1-127)y)).

Thematrix | — 11" issi ngular, since there exists arisk-free
asset.

18




Financial Economics Cost/Mean/Variance Efficient Portfolio Choice

First-Order Necessary Condition

The first-order necessary condition for utility maximization is

Ju ™.
a—y—ucp+um1+2u\,<l—11 )y_o. )
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Optimum Saving
Premultiplying the first-order condition (1) by 1" gives
uC <17 p> + Um - 07

which we interpret as the first-order condition for optimum
saving. Investing one dollar in the risk-free asset lowers cost by
one dollar and raisesthe mean by 1/ (1, p) dollars. Utility
changes by

—Uc+Um/(1,p),

which must be zero at the optimum.
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Using the first-order condition for optimum saving, rearrange
the first-order condition as (1) as

1
— T P —
(I 11 )y_ o (Ucp+Uuml)

Um [ Uc
=——— | —p+1
2Uy (ump+ )

:g<_ﬁp+1).
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Solution Set

For there to be a solution to the rearranged first-order
condition, necessarily —p/ (1, p) + 1 must lie in the range of
| —11". The solution set isthen

{(I—11T>+;<—<1’lp>p+l>}+N (|—11T>.
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Thematrix | — 11" issingular and equals its generalized
inverse.

+
(1-127) =1-n".
The null space is any multiple of 1,

N(|—11T) —R{1}.
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The solution set istherefore

1 (1-127)p

ye 2l o) +R{1}.

Selecting the real number to give cost ¢ = (p,y), the unique
solution is

(T [ o g (1-uT)p )
DTy D e (pa?
_1p c ,1p'p

- a<|o,1>+<<|o,1>+a<p,1>2>1
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The mean
e P (FUT)p ¢ 1va(
= T a par E® aEpP
The variance

10" (1I-117)p 1 vap)
(= e - PP

Asthe absolute risk aversion a rises, the mean and the variance
both fall.
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