Financial Economics Consumption and Saving

Consumption

Consider a consumer with utility

/ v(c;) e Pt dr.
t

He acts to maximize expected utility. Utility isincreasing in
consumption, V' > 0, and concave, V' < 0.
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The utility from consumption at timet isv(c;), and the utility
from consumption at timet +dt Is

V(Cirar) € P =v(cia) (1—pdt).
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Applying the standard formula
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gives
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as the higher-order terms are zero.
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Saving

Consider a consumer maximizing expected utility. At timet, he
chooses his optimum consumption ¢; and an optimum portfolio
with return da. At timet + dt his optimum consumption

IS Cttct

Alternatively, he could have increased his saving by s. His
current consumption would fall to ¢ — s. Hiswealth at
timet + dt would rise by s(1+da), and he could choose to
consume this extrawealth at t + dt, raising consumption to

Cio gt +S(1-+da).
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As afunction of s, expected utility during the two periodsis

V(G —S)+Et{V|CGi+at +S(1+da)| (1—pdt)}.

The expectation is conditional on the information at timet.
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First-Order Condition

The derivative of expected utility with respect to sis

—V (¢t —8)+ E {V [Cirat +S(1+da)] (1+da) (1—pdt)}.

A first-order condition for optimum behavior isthat at s= 0
this derivative must be zero:

V' (c) =Bt |V (Ctrar) (1+da) (1—pdt)]
=E [V (Gyat) (1+da—pdt)] (1)
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Relationship of Consumption and Asset Return

The 1t0 formulafor the change in the marginal utility of
consumption is

V (Cagt) =V (G) + aV

=V (¢)+V'(¢) de; + %\/” (c) (dct )?.
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Substituting thisformulainto (1) gives

V(c) =E |V (Ciar) (1+da—pdt)]

= E < {\/ (c) +V' (c) do + %\/" (ct) (der)

(1—ida—pdt)}
=E |V (a)(1+da—pdt)]
+E |V' (&) de; (1+da)|

+E :%\/" () (dct)z} .
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| nter pretation

This equation shows the relationship between consumption and
the asset return, under optimum choice.

It does not say anything about the direction of causality. Given
a stochastic process for the asset return, one can figure out the
implications for consumption. Or, given a stochastic process
for consumption, one can figure out the implications for the

asset return.
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Therelationship is also quite general. For example, 1t is
flexible about how the individual pays for consumption—there

might be stochastic |abor income affecting both consumption
and the portfolio choice.
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No Uncertainty

If there were no uncertainty, then da = r dt, in whichr isthe
risk-free rate of return. The change in consumption would also
have no Instantaneous stochastic part.
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Then the first-order condition
V(c) =E |V (Crat) (1+rdt—pdt))

becomes
V' (Ct)

V' (Cqat) (1 — o)
The left-hand side is the marginal rate of substitution between
current and future consumption; the right-hand side is the
relative price of current and future consumption. Consequently
the first-order condition (1) is a generalization to uncertainty of
this standard condition for an optimum.

— 1+ rdt.
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The first-order condition

V(e)=E|V(a)(1+da—pdt)]
+E |V' (&) de; (1+da)|

1
1 E é\/" (c) (dct)?

becomes

V(c) =V (c)(1+da—pdt) +V' () de.
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Solving for the change in consumption gives

vV (cr)
dc; = v (o) (pdt —da)
(Ct)
=[P

As—V (¢) /V' (¢ ) is positive, consumption rises if the interest
rate Is greater than the rate of time preference, r > p.
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Constant Relative Risk Aversion

Suppose that there is constant relative risk aversion of
consumption,

% fora £ 1
vic)=¢ 1@ 7
Inc for a = 1.
Then
vV =c ¢
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Substituting into the first-order condition gives

V =E |V (1+da—pdt)| +E |V dc(1+da)| + & B\/ (dC)Z}

=E |V (1+da—pdt)| +E :—a\/ (%C> (1+da)}

1 dc\?
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Cancel out V' to get

O0=E (da—pdt)+E

+ E

%a(ourl)(
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Let uslook for a constant solution. Suppose that both
consumption growth and the asset return have constant mean,
variance, and covariance:

%CNN(udt,azdt)

da~ N (mdt,s°dt),
correlation n. Substituting into the first-order condition gives

%a(aJrl) azdt} ,

0=[(m—p)dt]+[—a(u+nso) dt] +

and one can cancel out dt. However the relationship is

complex.
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