Financial Economics Default Risk

Perpetual Bond

Consider a perpetual bond promising to pay one dollar interest
per year.

Discounted at the interest rate R, the present value of the

Interest paymentsis
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Yield to Maturity

Theyield to maturity is the rate of return from holding the
bond to maturity, if there is no default and all payments are
made as promised.

Consegquently the yield to maturity is the discount rate that
makes the present value of promised payments equal to the
price.

Thus the yield to maturity on the perpetual bond is
1
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Default Risk

We analyze the perpetual bond when there Is some chance of
defaullt.

L et R denote the market interest rate.

A chance of default makes the bond worth less, so then

1
P,
“R

Theyield to maturity isthen greater than R, as investors
demand a higher yield to compensate for the chance of default.
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Simple M odel of Default

Let us analyze the smple model in which each year thereisa
constant probability ' of default.

The bond pays one dollar interest per year until it defaults; the
bond price stays constant at P. When the bond defaults, no
further payments are ever made, so the bond price fallsto zero.

We solve for the equilibrium market price of the bond.
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Asset-Market Equilibrium
Two equivalent conditions for asset-market equilibrium are:

Rate of Return The expected rate of return equals the market
Interest rate;

Present Value The asset price equals the present value of
current and expected future payments.

For our ssmple model with default, we show that both
conditions yield the same value for the equilibrium market
price.
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Rate-of-Return Condition

Using the rate-of-return condition, let us determine the market
equilibrium price of the bond.

Each year, with probability 1 — I'1, the bond will not default,
and its market price stays at P. The return on the bond Is just
the interest, so the rate of return isthe fraction

1

5"
With probability I1, the bond defaults and becomes worthless.
Therate of returnis —100%; as afraction,

—1.
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Expected Rate of Return

For a random variable, the expected value Is a weighted
average of the values, using the probabilities as weights. The
expected value Is a measure of the average value.

The equilibrium condition that the expected rate of return
equals the market interest rate is

(1—11) (é) +N(-1) =R

Solving for P gives
P= . (1)
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If the probability ' of default is zero, then the formula (1)
reduces to the standard formula

1
P=_
R

for the value of a perpetual bond.

If the probability Is positive, the priceis lower. Asthe
probability of default rises, the pricefalls. Equivalently, the
yield to maturity rises.

As the probability of default approaches one, then the price
approaches zero.
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Present-Value Condition

In market equilibrium, the market price must be the present
value of expected payments. We show that this present-value
condition obtains the same formula (1) for the price.

We cal culate the present value of expected payments.
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Probability of Default

After n years have passed, what is the probability that the bond
has defaulted and will make no more payments?

Consider the case I'1 = %; each year there is a 50% chance of
defaullt.
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After one year, there is a 50% chance that the bond will be in
default, and a 50% chance that it will not be in defaullt.

For the latter, there is then a 50% chance that the bond will go
Into default in the second year. Thus the probability that the
bond will not be in default after two yearsis

1 1 [/1\° 1

— X — = — —

2 2 2 4
(25% chance of no default). The probability that the bond will
bein defaultis
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After n years, the probability that the bond will still be paying

Interest IS
1 n
(5) | )

The expected payment in year n issimply this probability (2).

The present value of the expected paymentsis

2, & GF
1+R  (1+R?2  (1+R)3
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General Formula

For an arbitrary probability I'l, the probability that the bond
will not be in default after n yearsis

(1— )"

Thisvaue is the expected payment in year n.

13



Financial Economics Default Risk

Present Value of Expected Payments
The present value of expected payments is therefore

1-n . (1a-ny
~ 1+R  (1+R?Z  (1+R)3

(1-1)°

PV (3)

A higher I raises the probability of default and reduces the
present value.
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| nfinite Geometric Sum

The present value is an infinite geometric sum, taking the form
a

— _ —a+tab+ab’+---.
T —atabrabt
In the present value (3),
. 1—T1
~ 1+R
1—T1
b= ——.
1+R

Since b < 1, theterms in the infinite sum become smaller, and
the infinite sum is finite.
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the same as (1).

Default Risk
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Equivalent Equilibrium Conditions

The rate-of-return condition and the present-value condition
are equivalent; either implies the other.

When the price equals the present value, we know that the
expected rate of return is R.
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