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Shift automorphisms of finite order

Venu Addepalli and Edward C. Turner

ABSTRACT. We study autormorphisms of free groups—called shift automor-
phisms—for which the images of a particular element form a free basis., We
view them as free group analogues of basic rational canonical blocks for linear
transformations on a vector space. Our focus in this paper is a classification
of shift automorphisms of finite order.

§1) Introduction and preliminaries

In what follows, F(zi,...,z,) denotes the free group on the basis {z1,...,z,},
abbreviated F,, when convenient, and F denotes a free group of unspecified finite
rank. An element w € F,, can be considered a function of n variables from a free
group of rank n to itself by substitution in the natural way—functional notation
will be used when this is the point of view (so, for example, if w = zx123 then
w(zy 'z}, 2122) = 2izy  w120).

DEFINITION 1. If w € F(zy,22...,%,), then ay, is the shift automorphism
defined by

Qup : Ty~ Tg —=> « > —— Ty = Lp ~— W.
More generally, @ € Aut(F) is a shift automorphism with shift generator u if
{v,a(u),...,a™ Y u)} is a basis for F. Furthermore, w € F(x1,2z,...,2Zn) is the
shift representing word for « relative to u if
a™(u) = wu, o), ..., o™ ).

We denote the shift representing word for o relative to the generator u by wq .

Thus, z1 is a shift generator for a,, and w is a shift representing word for a,,
relative to z;. Furthermore, up to a change of basis, all shift automorphisms are
of this form. For any word w, the prescription above determines an endomorphism
which we also denote by .

Basic facts:
(1) One can decide algorithmically whether an automorphism o € Aut(f,)
has finite order.

Any automorphism of finite order of F, is induced by a homeomor-
phism of a graph of rank n. Such a graph can be chosen to have at most
3n — 3 edges. Considering the permutation of the edges, such a homeo-
morphism has order dividing (3n — 3)1.
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(2) The endomorphism a, is an automorphism if and only if w = uzilv,
where v and v are in the subgroup F(zo,...,z,). This is because F), is
Hopfian and o, is surjective if and only if the set {z9,...,zn, w} Nielsen
reduces to the standard basis {z1,29, --z,} [LS, p4].
(3) For each i, z; is a shift generator for a,, with shift generating word

Wa,, z;, = w for all i.

In fact, ok (1) is a shift generator for all k € Z with shift generating
word
wa,ak(m) = W,
More generally, if u is a generator for ay,, then so is of (u) for all k € Z:
such generators will be considered equivalent.

(4} The shift automorphisims a,, and a, are conjugate in Aut(F(zq,...,T,))
if and only if there is a shift generator u for «,, with shift representing
word

a® (u) = v(u, ay(u),...,a" Hu).

If o~ ey = oy, then ofp(x:)) = play(e:)) = ¢(xi41) for i < n and

a(p(zn)) = o(w(@1,- .., 20)) = wlelzr), .. ., p(@n)).
{(5) Define w to be the word whose letters are those of w in reverse order: e.g.,

zla:z'lx;; = :z:;x;lxl.
Otherwise stated,
W= (w(xl-l’xgl’ e 337;1))_1'
Then o, and ay are conjugate in Aut(F{zxy,...,z,) since
o ey ) = Bart 2zt wnty).
In other words, mfl is a shift generator for «,, for which the shift repre-
senting word is w; Le., w, -1 =®.

Some Examples

" 1) Clearly, the only shift automorphism of F), of order n is qy,:

Agy 1Ty Ty > > Ty — 7.
Furthermore, the generators and their inverses ! are all shift generators
all with representing word x,. It is an exercise to show that these are the
only shift generators for «,,: thus o, is conjugate to no other shift
automorphism.

2) For any w € F,,, 2] ! is a shift generator for a,, with representing word

W= (w(xl‘l,xgl,...,m;l))'l,
(@ = w backwards; e.g., T1x; x5 = xgxgla;l).
Thus oy, and oy are conjugate.
3) Suppose w = z;la;t, - rxl'l € F,. Then «,, has order n + 1. E.g, for

&, -1 -1, -1,
Ty Ty T

Ty ~— Iy — Xz

1

19:2'1:171‘1 - T1L2T3 - :cglx; = I

—):L‘g
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In this case, z;z; is also a shift generator with representing word =3 lelzzlx; .

Similarly, the following are all conjugate (and are conjugate to no other
shift automorphisms):

a$4 z5 ‘m._,'la:11 aa:;‘zg'lx;laczl
amglxllzzlx;l axz llexl—lmgl
4) For w = 1, —1p-1 ! the shift automorphism o, is conjugate to ex-
n—1" w

actly 2go(n + 1) pairs of shift automorphisms whose representing words
are obtained by permuting the letters of w.
More precisely, if ged(k,n + 1) = 1, then the words

T2 -2 and x;l Ty :rll

are shift generators for a -1 - gl The corresponding representing
n—1
words are permutations of w. Two such words determine the same per-

mutation if and only if
k=+k' (modn+1).

There are no other shift generators. Shown below is a homeomorphism
of a graph that induces Tlopteytart The elements z,...,z4 are the

clockwise loops in the regzons they label

§2) Graph representations

Suppose « is an automorphism of finite order n of a free group which is induced
by the homeomorphism h (acting without inversions) of the finite graph I', consid-
ered as an action of G = Z,, on I". (Note that we always consider Z,, with a specified
generator.) Stabilizers of vertices and edges are denoted G, and G, respectively,
and orbits by G - v and G - e. Then the following entities can be defined:

(1) the quotient graph T’ with the projection p: ' — T}

1
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(2) for each vertex v € T,
v(v) = |G vl = [G;G,)
and for each edge e T
vie) = |G -e|l = [G;Gel;
(3) for each edgee € I’
b6:(e) = |G - €|/|G - i(e)| = |Gi(e)|/|Gel,

and
b.(e) = |G - e|/1G - tle)] = |Gye)|/|Gel;
(4) a minimal spanning tree T C T;
(5) a tree T C T which is a lift of
T (ie.,p(T) =T and pis (1-1) on edges) with the associated splitting
j: T — T defined on the sets of vertices and edges so that iGi(p(e))) =
i(e);
(6) a minimal spanning tree T C T so that T C T and for each edge e, the
edges in (Z, - e) N'T are the first few images of e under h;
(7) for each edge e € I,

ne = min{k|h*(tj(p(e)) € T}.

These numbers are all integers satisfying the conditions that

a) v(v),v{e),d;(e) and &;(e) are divisors of n,

b) v(x) =1,

c) v(e) = d.(e)v(i(e)) = 6 (e)v(t(e)),

d) 0 < n(e) < v(t(e)). ,
The numbers v(v), v(e), 8;(e), 5:(e) and n(e) are constant on orbits in I' and so can
be considered as defined on T.

The action of g on T is reduced if no edge orbit is a forest. We will always
assume that actions are reduced—for if a particular edge orbit is a forest, the
components can be collapsed to points to produce an action on a graph with fewer
edges representing the same automoprphism. If the action is reduced then for each
edge e which is not a loop, 4;(e) > 1 and &;(e) > 1.

DEFINITION 2. A completed Z,-graph is a graph ' with directed tree TeT
with source *, taken as the bassepoint, and a reduced action of Z, on T fizing the
basepoint * so that T contains ezactly one edge from each orbit and the initial
vertices of edges of T contain ezactly one vertex from each orbit. The associated
numbers v(v),v(e),d;(e), 6:(e) and n(e) are defined as above.

A completed Z, quotient graph is a graph T’ with a minimal spanning tree T
a basepoint ¥, a number n and

v{v) for each vertez and v(e), d:(e), 8:(e)

and 1(e) for each edge satisfying condition aj~d) above.

DEFINITION 3. The graph complexity of an automorphism « of order n is the
smallest number of edges in a completed Z,, quotient graph representing c.

We will denote completed graphs and completed Z,, quotient graphs by I' and T
respectively when context avoids confusion. When considering a particular example
of a completed quotient graph and the associated completed Z,-graph, we will
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denote the quotient edges by letters (e.g., a, b, ¢, ...), the corresponding edges of
T with subscript 0 (e.g., ag,bo, €o, ...} and the successive images under g with
increasing subscripts (e.g., a1 = g(ag), a2 = g*(ag),...). (Note: The edge e € T is
covered by ez, 0 < k < v.. Furthermore, the number of edges in T'\ T covering the
edgeecTisv(e)ife ¢ T and v(e) — v(t(e)) ife € T.)

PROPOSITION 1. A completed Z,,-graph determines a completed quotient graph
and conversely. Every automorphism of a free group of finite order is represented
by a completed Z,,-graph.

Proaof of Proposition 1: The first statement is straightforward. The second follows
from the theorem of Culler [Cu]. &3

Note that the information that determines a completed Z,-graph also deter-
mines a basis for 7 (T, *)-—namely the basis associated to the maximal tree T which
is defined to be T with the first few images of each edge added to form a spanning
tree.

We can use these notions to prove a version of the theorem of McCool charac-
terizing automorphisms of finite order of a free group. The use of Culler’s Theorem
{proven after the publication of McCool’s theorem) simplifies the argument consid-
erably. This theorem can be considered an analog of the rational canonical form
representation of a linear transformation.

THEOREM 1. Suppose T and T are a completed Z,-graph and the correspond-
ing completed Z,, quotient graph with all the associated terms as described above.
Suppose o is the automorphism of F, (with basis S determined by T') induced by
the generator of Z,,. Then there is a basis S for F, that can be expressed in terms
of the edges ¢ of T as

S=]J S, S(e) = {Eo. E1,. .., Ex(e)-1}
eér
where -
k(e) = wv(e)—v(t(e)) foreeT,
kle) = wvl(e) foreé¢ T,
so that o has the following form.
a) For each edge e € T, a(E;) = Eiyq for 0 < i < k(e) — 1.
b) Ife €T and c is the edge of T so that i(e) = t(c), then
a(Exey-1) = B4y _avie) EvitienBa  CoCutite) -+ Cute)-viite))-
¢) Ife ¢ T and c and d are the edges of T so that i(e) = t(c) and t(e) = t(d),
then

a(Ek(e)—l) = Cu(e)—-v(i(e)) e 'Cw(e; COEUD% e D?fe+u(e)—u(t(e))-

Proof: Let g : T — T be the generator of Z,,. For each edge e € T, let ey = j(e) be
the edge of T € T" covering it, e; = ¢%(eg) and 7;() be the path in T from * to i(e)
(so in particular, ¥i(eo) = Vi(eo)€0)- Then define

(1) Eo = Yiteo)€09” ") (@0 Viter)) if e € T,

(2) Eo = Yiteo)€09™ ") (Fgmetaenyy) if € ¢ T,

(3) E; = ¢*(Ey) (for all 7), and
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(4) S(e) = {E{h El, Ceey Ek(e}—l}, k(e) as above.
Condition a) is clear. If e € T, then

EoEyu(e)) - - Butymvit(e) = Viteo)€09" D (€0%ier)))
= Yiteo)€09" ) (%0 Fiteq)))
Viteo) €097 M (TG Frioa))

it

CoCut(ey) - Cue)-wit(e))-

from which b) follows.
Ife ¢ T, let v' = g")(t(ep)): then

Evey = 0"9Vien))€09” 9" (757)
= (879 Oieo)Tite))  (Yiteor 09~ (7o)
97" (v 9”9 (757))
= (g% (y;0,01¢0) % Titeg)) - Eo - 977 (Vigao))dog® @YD) (doer))

= Cue)uii(e)) *** Cui(e)) CoEoD ey D nie)tutite)) " ** Done) +ue)-w(ite))-

It only remains to show that S is a basis. The elements of S correspond to the
edges of I'\ T' (albeit not in the usual way), so the cardinality is correct. It is
straightforward to use the equations above to show inductively that S generates. [J

§3) Matrix results

In this section we prove the matrix results that will be applied in the next two
sections. Consider the following sequence of maps, where 8 assigns the outer class
to an automorphism, u gives the matrix representing the abelianization of an outer
class (relative to the given basis) and y assigns the characteristic polynomial to an
integral matrix.

Aut(F,) -5 out(F,) 2 GL(n2z) X ZlY

where
a - a@ e My = xalt).

The maps 6 and u are well known to be (1-1) on finite subgroups (in other
words to have torsion free kernals)—the kernal of # is free and the kernal of u is
torsion free by [BT]. The polynomial x(a) = Xa(t) = det(t] — M, )—which we call
the characteristic polynomial of o—is the usual characteristic polynomial of the
matrix M, and depends only on the conjugacy class of «. {In arguing about the
factors of x(a}, we may as well consider the coefficients as rational numbers so that
the standard theory of linear algebra over a field can be used. It is straightforward
to check that all the results we use hold over Z as well.) If a has finite order %,
then so does M, and by the Cayley-Hamilton Theorem, the minimal polynomial
of M, is a divisor of t* — 1: therefore the minimal polynomial is a product of
distinct cyclotomic polynomials corresponding to divisors of k. In the case of a
shift automorphism, the minimal polynomial is x,(t).

We begin with some notation. All vectors v € Z" are assumed to be integral
column vectors and matrices M € Gl(n,Z) act by multiplying on the left.
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DEFINITION 4. If p(t) = t* + ¢, _1#* "1 +.. .+ eyt +co € Z[t], then the associated
companion matrix s

6 00 ... 0 ~—c

1006 ... 0 -

Cp — 10 ... 0 -y

0 00 ... 1 —cx

More generally,

Cpy O 0

0 Cp 0

CP1,P2 sssss P 7 . :
0 ¢ Cp,

If B is a matriz of the appropriate size, then

C B
CKJhPQ:B = ( 51 C}De )

If vy, vg,...,ux € Z™, then (v, vy,...,Ux) is the n X k matriz whose columns are
the v;’s. Furthermore,

Ly oy = (v, Mu,.. L, M),

The vector ¢ is a cyclic vector for the matrix M if the columns of L. s form a basis
for Z" and M is said to be a cyclic matrix if there exists a cylic vector for M.

Note that if « is a shift automorphism, then M, = C,_ and is in particular
cyclic.
LemMa 1. The vector ¢ is a cyclic vector for M € Gl(n,Z) +f and only if
det(L; pr) = +1. Furthermore, if there exists ¢ polynomial r € Z[t] such that
(1) deg(r) <n,
(2) r(0) = +1,
(3) there exists a prime p so0 that
r(M)=0 (mod p)

then M is not cyclic.

Proof: The first statement is clear. Suppose r(t) = 3 p_a rt* is a polynomial
with the stated properties and v is any vector. Properties (1) and (2) imply that
r(M)(v) = tv + Z:’;ll r«M*v—in other words, we can replace the first column of
L, 3 with £r(M)v without changing its determinant. Then (3) implies that this

determinant is a multiple of p: it follows that » is not a cylic vector for M. ]
LEMMA 2. Supposeny =de, 1 <d,e <ny, and
" —1

— =t
m(t) = ) and  p(t) =t 1.

Suppose B is an integral matriz such that £B = 0 (mod p) for some prime p | e,
where LB is the sum of all the eniries in B. Then the matrices Cp, p, and Cp, p,.5
are non-cyclic.
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Proof: Let go(t) = ’;’_(i} = p‘—f_ll';e (note that pi{1) = e). We show that
Cpy,p: and Cp, 5,.5 are not cyclic by showing that the polynomial

() = 20220 _ 10

satisfies the conditions of Lemma 1 for both C;, p, and Cp, 5,5 for any prime divisor
p of e. Conditions (1) and (2) are clear.

Claim:

T(Cpy,p2:8) = ( r(%") q’(cp;ggﬁ(cpz) )

Furthermore, q1(Cp, )Bg2(Cp,) = 0 (mod p).

and

Proof of Claim: Now p; | r so that r(Cy,) = 0 and (¢t — 1) | p1(¢) (mod p) so that
r(Cp,) = 0 (mod p).
Block matrix manipulations show that

r(cplsm;ﬂ) = pl(cpn,?!;B)QQ(CPum;B)
- (3 ) (5 W)
0 pl(cpa) 0 QQ(CM)
~ ( g Bl‘ho(cpz) ) (mod p)
where
e~1k—-1
B, =3%"% "¢, BC,
k=1 20
Now
(Cp — D@2(Cpy) =0 => Ch 02(Cp,) = q2(Cp,)  for all
so that
B' = Bigs(Cp) = Yiii LimoCr*BCy" " 02(Cp)
= (Zk 1 :,016 lB)‘??Cm'
Furthermore,
e—1k-1 e~1
(=133 =3 =) =nlt)—e
k=1 é=0 k=1
so that

o1 Leco 1 = au(t). Thus B = 01(Cp,) Baa(Cpa).

Considering the product ¢, (Cp, }(Cp, —I) = 0, we see that the colunms of ¢;(Cp, )
are all the same—i.e., g1 (Cp,) = D(all 's) for some diagonal matrix D—and direct
calculation shows that ¢2(Cp,) = (all 1's) are 1's. Thus

q1(Cp, ) Bq1(Cp,) = D(all I's)B(all 's} = D(all £B's).
The result follows. i
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LEMMA 3. Suppose vy | ny and vy | ng, and

" -1 "2 —1
pi{t) = P and palt) = 2 1

and ged (32, %ﬁ) # 1.

Suppose B is an integral matriz such that XB = 0 (mod p) for some prime
ple, where

LB is the sum of all the entries in B. Then the matrices Cp, p, and Cp, .5

are non-cyclic.

Proof: Let e1 = 7*,ep = 2+, p be any prime divisor of e = ged(ep, e2) and let

_nt)—e _ pa(t)
at) =~ and g2(t) = >
Then all the arguments of Lemma 2 hold when interpreted modulo p. |

§4) Graph complexity one and two

In this section we describe all shift automorphisms of geometric complexity 1
or 2.

THEOREM 2. All automorphisms of finite order n and geometric complexity
1 are shift automorphisms. They are described in terms of the quotient graph T,
which has a single edge a corresponding to the orbit {a; | 1 < I < n}, as follows.

1) The edge a is a loop with v(a) = n. Then 1 = a; is a shift generator
with representing word z: ie.,

o = g,
The generators and their inverses are shift generators.

2) The edge a has two endpoints, the basepoint vg and w # vy; furthermore,
viw) = 1 and v(a) = n. Then z1 = aja; ' is a shift generator with
representing word o7 3t 27l ;

ie.,

o~
a:ax-l x—l mx—l.
n-1"n-2 1

The words x125 -z and their inverses for ged(k,n) = 1 are shift
generators.
3) The edge e has two endpoints, the basepoint vy and w # vo: furthermore,
v(w) = d # 1 and v{e) = n. Then

G = (Y _ -1 -1 -1,
Tpedt1Tp—2dir’ %1

o

Note: With some more work, one can show that the shift generators described in
the theorem are all the shift generators.

Proof of Theorem 2: The three possibilities of the theorem are illustrated below. In
each case, there are n edges a;,- -+ , an, the first edge a; is labeled and g{a;) = a;41
(mod n).
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1) oy,

2) a1 -1 1

Ty Tn_oTy

3)a -1 -1

Ts I,

mw ey \

1 n =kl k
1 12=4-3 4
{Check: Oymiymt has order 12 in Aut(Fg):

Iy — Iy — X3 =Ty — Ty -»:cg-w»xyw.rg-»xgl:rfl

'Soaglel s raszst = 2)

| —aglayl -y
Proof of Theorem 2: The quotient graph is either a loop or an edge with two
different endpoints.

If the quotient T is a loop, then I is clearly a bouquet of circles and the action
of g is to permute the loops cyclically, leading to Case 1. Since reduced products
are mapped to reduced products, it is easy to verify that the only shift generators

are the free generators and their inverses.
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If the quotient T is an edge with endpoints vy (the basepoint) and w with
v{w) = 1, then we have the picture of Example 2 above. Then

a:arayt == ap10;t > anayt = (an-1a; )7 (aag )7L

Thus z; = aja;’ is a generator with representing word z; 'z, - 27"
If T is an edge with vertices vy, the basepoint, and w with v(w) = d # 1, then
we have the picture of Example 3 above.

Then

. -1 -1 -1 -1
a alaéﬂ 20y o0 Qa1 7 T T Gnedb 10y

-1 - -1 gy
= (@n-2d10, " 44,) 1"‘(@1“d+) L

_ P . . .
Thus ; = a1a;,, is a shift generator with representing word
-1 -1 -1 -1
Tn_d+1Fn_2d+1" " Tay1 Ty -
O

THEOREM 3. All shift automorphisms of finite order and geometric complexity
2 are realized by graph homeomorphisms whose quotients are of the following types.

}) 1 ny g
®

[ ]
L J

%! Vo

where ged(3+, 72) = 1.

2) o

where ged(%k, %2) = 1.

Proof: Besides the topological types of quotients described in the statement to the
theorem, we have the following possibilities for two edge quotients {the placement
of the basepoint being important).
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a) n Ny b)

ni ne

.
o
.

The proof involves showing that none of these can be realized by shift auto-
morphisms, and that for the types described in the theorem, shift automorphisms
occur only when the given greatest common divisor conditions are satisfied. Cases
a), b) and c) are easy to dispense with: in each case, the matrix associated with the
natural basis is block diagonal with two blocks that are companion matrices. But a
shift automorphism has such a representation with a single block—the uniqueness
part of the rational canonical form theorem shows that these three cases are not
shift automorphisms.

In case d), the corresponding matrix M, is Cp, p, oF Cp, p, B (notation as in
Lemma 2 with v = d), depending on whether v = 1 or v = d # 1. In either
case, Lemma 2 shows that M, does not have a cyclic vector and so « is not a shift
automorphism.

Now consider Case 1) of the theorem. Relative to the natural basis, we have

%= (5=1) (=) =nomo

and
_(Cn B
Ma = ( 0 Cp )
where B = (0] 0| --- | cg), e the column matrix with entries 1 in rows 1,v +
l,---ynz =1 +1 and 0 in the remaining positions. If ged(32, gf) # 1, then

Lemma 3 applies to show that o is not a shift automorphism. If, on the other
hand, ged(24, 22) = 1, then z; = a;b1¢*2(b; *a] ") is a shift generator.

v v
Now consider Case 2) of the theorem. Relative to the natural basis, we have
" =-1N L
Xa(t) = { o7 | (" — D) =m()p:(t)
and
- (% B
Mo = ( 0 G, )
where B = (0| 0| --- | ¢g), cg the column matrix with entries 1 in rows 1,v +
1,---,nz—v1+1 and 0 in the remaining positions. In the case that ged(Z}, 73) # 1,
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then Lemma 2 applies to show that a is not a shift automorphism. If ged(3+, 2) =
1, then z; = a;b7! is a shift generator. O

§5) Shift automorphisms of prime power order

From the remarks at the beginning of §3, we know that the polynomial x(¢) for a
shift automorphism of finite order n is a product of distinct cyclotomic polynomials
corresponding to divisors of n.

Example: Suppose o has order 20. Since the divisors of 20 are 1,2,4,5,10,20 and

53] (3)62 (t)C4(t)C5(t)Cl{)(t)Czo(t)
(¢ =D+ 1)+ 1)
$+B3+2+¢+1)
-3+ 12—t +1)
B+t 12+ 1)

Xa(t) will be a product of some subset of

{e1(t), ca(t), ca(t), cs(t), cro(t), coo(t) }.
Since o has order 20 and not some factor of 20, the set of subscripts has greatest
common divisor 20.

20 -1

The main results of this section are the following.

THEOREM 4. There exists a shift automorphism o with xo(t) = cn{t) if and
only if n is a power of a prime.

THEOREM 5. If o is a shifi automorphism of order n = p™, p a prime, then
for some k < m,
Xa(t) = Cpk+1 (t) trrCpm (t),
the product of the top m — k cyclotomic factors of t* — 1. All such products are
realized as characteristic polynomials of shift automorphisms of order n.

Note that

#" 1 N
cprnr(t) - -epm(t) = S = L+ 467" "

We begin with the following observation.

LeMMaA 4. If the shift automorphism « of finite order n is realized by the
homeomorphism g : I' — ' (fixing the base point) and xo(t) has £ irreducible
factors, then T'/(g) has at most £ edges. This is in particular the case if

Xa(t) = cqy (t)ea, (8) -+ - cq, (t)
for divisors {dy,...,ds} of n.

Proof: The representation of Theorem 1 shows that the matrix M, is upper block
triangular with one block for each edge of I'/{g). Therefore the polynomial x(t)
has a factorization with £ factors of degree 1 or more. The second part follows from
the fact that cyclotomic polynomials are irreducible. {1
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Proof of Theorem 4: Suppose n = p™, p a prime: we describe explicitly a shift
automorphism o with xo(t) = ¢,m(t). Define I' to be the graph, shown below for

n = 23, with p™ directed edges {ag,a1,...,apm 1} all with initial vertex vy and
p™—p™! terminal vertices {wo, w1, ..., wpm_ym-1}. Let g be the homeomorphism
g(vo) = vo, g(w;) = wiy1, gla;) = aity,

where the subscripts of the w’s are interpreted modulo p™ —p™~! and the subscripts
of the a’s are interpreted modulo p™. Let o be the induced automorphism of the
free group of rank p™ — p™ 1.

wy

wa

Wy
It is straightforward to check the following.
a} The automorphism « is a shift automorphism for which a shift generator
sz = aga;,i_l; i.e., the set

le m {xl, a(xl), [N ,apm—pm—l_1($1)}
is a basis for Fym _pm-1.
b) The corresponding shift representing word is

-1

— el -1 R |
W(&,Il) - xl xp"‘~1+132pm—1+1 x(p_.l)pm—l.‘,.l‘

¢) The characteristic polynomial of « is

Xa(t) = tE~DE™ =1 L 4E=20"-1) L 2™ ] = o (t),

(Recall that cym (t) = cp (87" ).)
For the converse, suppose
a) o: F. - F,,
b) o™ = id,
€) Xalt) = cnlt),
d) a is induced by the homeomorphism g : T’ — T
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By Lenuna 4, the quotient I'/{g) has one edge, and so is either a loop or a
single edge. Furthermore, I' has n edges which are permuted cyclically by g. By
rank considerations, r = ¢(n) where p(n) is the Euler totient function (the degree
of x(t)). It is easy to deal with the case of a loop: since the action of g must fix the
base point, the fact that there is a single vertex orbit means that there is a single
vertex. Thus [ is a circle and the action of ¢ is a cyclic permutation of the loops.
Then x.(t) =" — 1.

Now suppose I'/{g} is an edge with vertices Ty (the basepoint) and Wy # .
The number of vertices in the orbit corresponding to @y is d for some divisor of n
(d = v(wg) in the terminology of §2). A maximal tree in I' thus has d edges and

r=pn)=n-—d

Thus n — p(n) is a divisor of n. The following simple claim finishes the proof of the
theorem.

Claim: The following are equivalent:
a) n - w(n) divides n,
b} n is a power of a prime.
Proof: 1f n = p”, p a prime, then n — p(n) = p* ™ is a divisor of n.
For the reverse implication, it suffices to assume that n is square-free since the

fraction n—_% does not depend on the exponents of the prime factors. Now

n=prpe=>n—¢n)=p1--pp— (P~ 1) (P~ 1)

This 18 a divisor or n if and only if it equals a product, say p; ... py, of the factors
of n. This is equivalent to the equality

) (11 pe = 1) =p1-pelpesr---pr — 1).

But the first £ terms on the left are less than the first £ terms on the right, and for
the remaining factors,

Per1 = 1) (pe—1) < (pes1)--- (Pr-1)(Pr — 1)
= Pep1 Pk — Pei1 Ph-1 < Pegr-Pr — L

Thus equation (*) is impossible since the left-hand side is less than the right-hand
side. 0
This concludes the proof of Theorem 4. 0

Proof of Theorem 5: Consider the graph I' with a base point vy, a family of p*
vertices {wo,wn, ..., wpe_1} and a family of p™ edges {ag,a1,...,a,m -1} with a
homeomorphism g : I' — I' so that:

a) the edge a; joins vy to w!, where i’ is the reduction of i modulo p*,

b) g(ai) = a;41, i considered modulo p™,

¢) g{w;) = w41, j considered modulo p*,
Then z = aoa; is a shift generator with representing word

i1 1
Wiaa) = 21 Tpapy - Tpmyg
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and characteristic polynomial

LY

-1

Xa(t) = 1

This proves the second part of Theorem 5.
Now suppose « is an automorphism of order p™ of a free group of rank . Then
since Xq(t) divides t*" —1,

Xal(t) = Cpiy (t)cp&, ()~ Cpr, (T)

for some k; < ky < --- < k,. Furthermore, &k, = p™ since « has order n = p™ and
not some lower power of p.

We need to show that if for some subscript 4, k; + 1 < ky4;, then the matrix
M., does not have a cyclic vector and so can’t be the matrix associated with a shift
automorphism. The following fact about cyclotomic polynomials will be needed.

Claim: Suppose p is a prime.
3
a) Modulo p, cpm (t) is a multiple of cy(tyepz(t) - - - (t)epm-1(t) = & el

b) If s <r, then the matriz cps(Cc . ,,) 18 invertible as an integral matriz.

Proof of Claim:
First note that

P+ 24 ts+l=(s-1) ("2 +2P 3+ ...+ (p-2s+(p—1)) +p

50 that s — 1 divides P! + sP~2 +...+ 5+ 1 modulo p. Thus *" " — 1 divides
o (t) = 77 (=1 £ " T H0=D 4 4 277 41 modulo p. But

7" 1= (t— L)y (t) - cpmar(?)

proving a).

Since cpe(y) divides t?" — 1, it suffices to show that Cf:r 0~ I is invertible: i.e.,
rth

But the p**® powers of the primitive p

&

that 1 is not an eigenvalue of C¥ _ .
of 1 are all eigenvalues Cg:, «ty» €ach with multiplicity p®. Since the number of them

roots

L]

is the dimension of Cgpr (> 1 18 not an eigenvalue. Thus c,- (Ce,r(yy) is invertible
as a matrix over the field of rationals. But its determinant is +1, so its inverse in
integral. This establishes b). &

Returning to the proof of Theorem 5, suppose « is represented by the graph
homeomorphism g : I' — I'. We show that if T has one edge, then the condition on
the characteristic polynomial is satisfied and that it is not possible for T’ to have
two or more edges for a shift automorphism of this type.

Case 1: I T has only one edge which is a loop (see Case 1 of Theorem 2), then
Xa(t) =77 =1 =cpo(t)ep (t) -~ cpm(2)

with all powers appearing.
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Case 2: If T has only one edge which is not a loop, and the vertex orbit other than
the base point has only one vertex (see Case 2) of Theorem 2), then

Xalt) = S = e (£)6ya(t) -G (1)

with all powers except the 0*" appearing.

Case 8: If T has only one edge and the vertex orbit other than the base point has
more than one vertex (see Case 3) of Theorem 2), then

m

-1
Xalt) = },-?"_——T = Cpk+1(t)cp2(k+l)(t) e Cpm ()

Case 4: If T has more than one edge, then it follows that M, is similar to a matrix
M}, in upper block triangular form:

’ Al B
Ma = ( 0 A4, )
If the characteristic polynomial of A; is m;{(t), then x,(t) = ma(t)m1(t). Therefore
Xa{ML) = mo{M]ymi (M) =0 and
ma(A1) B 0 B” {0 mg(A1)B"” + B'my(A3) -0
0 0 0 mi(ds) )T\ 0 0 =5
Thus mg(Al)B" + B’ml(Ag) = 0. Now
m1(t)ma(t) = Xa(t) = cprs (t)egea (£) - - cpm (8),
so that ¢,m(t) divides either m;(t) or ma(t) but not both. Suppose c;m(t) divides
my(t) but not my(t). Then ma{A;) is invertible by part b) of the Claim and
mi{Asz) = 0 {(mod p) by part a) of the Claim. Thus B” = 0 (mod p). In this case,
mi{M/}) = 0 {mod p), and the result follows from Lemma 1. A similar argument

works if ¢pm (t) divides my(t) but not my(t).
O

§6) Two generator one relator groups

Observation: The HNN extension H,, of F, determined by the shift automor-
phism o, is a two generator, one relator group; namely

(T1,Z3,...,Zp,t | txit ™ =244y for 1 <i < mytzat™! = w)
(z,t ]tz t""—w(:rl,t:clt =Lyl

Note that the total exponent of t in the relator is 0.

Hy

R

This observation raises the question as to which two generator one relator
groups correspond to shift automorphisms. The following addresses this question.

Consider the group G = (z,y | R) and the swap that replaces z with z = zy.
Then the total exponent vector of R changes by {(a,b) — (a,b — a). Thus we
can apply the Euclidean algorithm to the pair {a, b) repeatedly to get a pair (d,0)
with associated changes on the groups that generate them. So we can assume that
G = (z,t| R) where t has total exponent 0 in R. Now write '
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R = R'(thigt™% thaggFe  thrppFn)
with ky = min(ky, ko, ..., ky) and k, = max{ky, ks,..., k). Then

R=tF R (z,txt™!, ... thrhrgg—hrthy =k
and R can be replaced by its conjugate R'(x,txt™!,. .., thr—F1pt=k-+k1) Then this
presentation of (7 displays it as an appropriate H,, if z and t* ~*1z¢~%+k1 each
appear exactly once in R'(x,txt™1, ... th-—Figg—h-+hiy,

THEOREM 6. If « is a shift automorphism of finite order and geometric com-
plexity 1, then the corresponding HNN extension is one of the following:

i) (z,t|t"e=at™), i) (x,t|zF=1") where k divides n.

Proof: Theorem 2 gives representatives for all such automorphisms for which the
conversion to two-generator one-relator form is straight forward. Case 1 leads to
(z,t | i"x = xt™) in which x is the first generator and ¢ is the stable variable. Cases
2 and 3 lead to {(z,t | (t’z~1)* = "), where £ = v, k = 2, 1 is the inverse of the first

v *
generator and ¢ is the stable letter. (In case 2, v = 1.) Replacing the generating
pair {z,t} with {t‘z,t} gives (x,t | z* = t"). O
Examples:

1) The HNN extension corresponding to a shift automorphism of complezity
1 and order 12 is one of the following:

(x,t]| 22 =112),  (z,t]|2® =12, (z,t ]zt = 12),
(x,t |26 =112), (x,t]x?2 =812, (a,t]| 2z = 2t!?),

These siz groups are all different since their abelianizations have different
orders of torsion.

2} The HNN extension corresponding to a shift automorphism of complexity
1 and order 13 is one of the following:

(x,t] 2B =t13), (z,t] 3z =2t13). .

Again these groups are different since their abelianizations have different
torsion. This example follows easily from [DS].
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