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Shift automorphisms of finite order 

Venu Addepalli and Edward C. Turner 

ABSTRACT. We study automorphisms of free groups-called shift automor­
phisms-for which the images of a particular element form a free basis./We 
view them as free group analogues of basic rational canonical blocks for linear 
transformations on a vector space. Our focus in this paper is a classification 
of shift automorphisms of finite order. 

§1) Introduction and preliminaries 

In what follows, F (Xl, ... , xn) denotes the free group on the basis {Xl, ... , xn}, 
abbreviated Fn when convenient, and F denotes a free group of unspecified finite 
rank. An element W E Fn can be considered a function of n variables from a free 
group of rank n to itself by substitution in the natural way-functional notation 
will be used when this is the point of view (so, for example, if W X2XIXS then 
W(X21,X!,XjX2) = XiX2 1XIX2)' 

DEFINITION 1. If W E F(xj, X2 ... ,Xn ), then a w is the shift automorphism 
defined by 

a w : Xl X2 -----> •.• -----> Xn-l Xn w. 
More generally, a E Aut(F) is a shift automorphism with shift generator u if 

{u,a(u), ... ,an-leu)} is a basis for F. Furthermore, wE F(XI,X2, ... ,xn ) is the 
shift representing word for a relative to u if 

an(u) = w(u, a(u), ... ,an-leu)). 

We denote the shift representing word for a relative to the generator u by wa,u. 

Thus, Xl is a shift generator for a w and w is a shift representing word for a w 

relative to Xl' Furthermore, up to a change of basis, all shift automorphisms are 
of this form. For any word w, the prescription above determines an endomorphism 
which we also denote by a w . 

Basic facts: 
(1) 	 One can decide algorithmically whether an automorphism a E AutUn) 

has finite order. 
Any automorphism of finite order of Fn is induced by a homeomor­

phism of a graph of rank n. Such a graph can be chosen to have at most 
3n 3 edges. COllSidering the permutation of the edges, such a homeo­
morphism has order dividing (3n - 3)!. 
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(2) The endomorphism 	a w is an automorphism if and only if W uxt=lv, 
where u and v are in the subgroup F(X2,"" xn). This is because Fn is 
Hopfian and aw is surjective if and only if the set {X2' ... , Xn,w} Nielsen 
reduces to the standard basis {Xl, X2, ... Xn} [LS, p4]. 

(3) For each i, Xi is a shift generator for a w with shift generating word 

wet,u.x ; W for all i. 

In fact, a~(x1) is a shift generator for all k E Z with shift generating 
word 

Wet.etk(Xt} = w. 

More generally, if u is a generator for aw , then so is a~ (u) for all k E Z: 
such generators will be considered equivalent. 

(4) The shift automorphisms aw and av are conjugate in Aut(F(Xl,"" xn)) 
if and only if there is a shift generator u for a w with shift representing 
word 

a~(u) = v(u, aw(u), ... ,a~-l(u)). 

If €{J-l aw €{J av, then ~€{J(Xi)) €{J(av(xi)) €{J(Xi+1) for i < nand 
~(€{J(xn)) = €{J(1tI(Xl, ..• , Xn)) = W( €{J(Xt} , ... , €{J( xn)). 

(5) 	Define iii to be the word whose letters are those of W in reverse order: e.g., 

-1 -1X1 X2 X3 = X3X2 Xl· 

Otherwise stated, 


- « -1 -1 -1))-1
W = W Xl 'X2 , .•• 'Xn . 

Then aw and aware conjugate in Aut(F(xt. ... ,xn) since 
n ( 	 -1) -( -1 -1 -1 )aw Xl =W Xl 'X2 ""'Xn_I . 

In other words, xII is a shift generator for a w for which the shift repre­
senting word is iii; Le., W~ -1 = iii. 

'-"W'X 1 

Some Examples 
1) Clearly, the only shift automorphism of Fn of order n is aX1 : 

: Xl ....... X2 ................. Xn ....... Xl'
aX1 

Furthermore, the generators and their inverses xtl are all shift generators 
all with representing word Xl. It is an exercise to show that these are the 
only shift generators for a"'l: thus X1 is conjugate to no other shift a 

automorphism. 
2) For any W E Fn , xII is a shift generator for a w with representing word 

- (-1 1 1 )-1
W = W Xl , , .. ~,x;;) , 

(iii = W backwards; e.g., xlxiIX3 = x3xiIXt). 
Thus aw and aware conjugate. 

3) Suppose W x~IX;;'-":I" 'Xl i E Fn. Then a w has order n + L E.g, for 
aX3 1x;lx;-1 ; 

Xl ....... X2 ....... X3 ....... 


-1 -1 -1 -1 -1 ....... X3 X2 Xl ....... XI X2X3 . X3 X2 Xl 
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In this case, X1X2 is also a shift generator with representing word XilXllxilxil. 
Similarly, the following are all conjugate (and are conjugate to no other 
shift automorphisrns): 

4) For w = x;:;-lx;:;-~l ... x l 1 the shift automorphism Ow is conjugate to ex­
actly ~cp(n + 1) pairs of shift automorphisms whose representing words 
are obtained by permuting the letters of w. 

More precisely, if gcd(k, n + 1) 1, then the words 

are shift generators for 0X-IX-' ...x-I. The corresponding representing 
n n~l 1 

words are permutations of w. Two such words determine the same per­
mutation if and only if 

k ±k' (mod n + 1). 

There are no other shift generators. Shown below is a homeomorphism 
of a graph that induces 0X-IX-IX-Ix-" The elements Xl, ... , X4 are the 

4 3 2 1 

clockwise loops in the regions they labeL 

§2) Graph representations 

Suppose 0 is an automorphism of finite order n of a free group which is induced 
by the homeomorphism h (acting without inversions) of the finite graph r, consid­
ered as an action of G = Zn on r. (Note that we always consider with a specified 
generator.) Stabilizers of vertices and edges are denoted Gv and Ge respectively, 
and orbits by G . v and G . e. Then the following entities can be defined: 

(1) the quotient graph f with the projection p : r -+ f; 
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(2) 	 for each vertex v E r, 
V(V) == IG· vi = [G; Gvl 


and for each edge e E r 

vee) IG· el = [G; Gel; 

(3) 	 for each edge e E r 
Ot(e) == IG· el/IG· i(e)1 = IGi(e)I/IGel, 


and 

Ot(e) == IG· el/!G· tee)! !Gt(e)I/IGel; 


(4) 	 a minimal spanning tree T c I'; 
(5) 	 a tree fer which is a lift of 

T (i.e., peT) = T and p is (1-1) on edges) with the associated splitting 
j : T -+ T defined on the sets of vertices and edges so that j(i(p(e))) = 
iCe); 

(6) 	 a minimal spanning tree T c r so that T c T and for each edge e, the 
edges in (Zn . e) n T are the first few images of e under hj 

(7) 	 for each edge e E r, 
T}e == min{klhk(tj(p(e») E f}. 

These numbers are all integers satisfying the conditions that 
a) v(v),v(e),oi(e) and ot(e) are divisors ofn, 
b) v(*) = 1, 
c) vee) = oi(e)v(i(e» ot(e)v(t(e», 
d) 0 $ T}(e) $ v(t(e». 

The numbers v(v), vee), 8i (e), 8t (e) and T}(e) are constant on orbits in r and so can 
be considered as defined on I'. 

The action of g on r is reduced if no edge orbit is a forest. We will always 
assume that actions are reduced-for if a particular edge orbit is a forest, the 
components can be collapsed to points to produce an action on a graph with fewer 
edges representing the same automoprphism. If the action is reduced then for each 
edge e which is not a loop, oi(e) > 1 and ot(e) > 1. 

DEFINITION 2. A completed Zn-graph is a graph r with directed tree fEr 

with source *, taken :=.S the bas'epoint, and a reduced action of Zn on r fixing the 
basepoint * so that ! contains exactly one edge from each orbit and the initial 
vertices of edges of T contain exactly one vertex from each orbit. The associated 
numbers v(v), v( e), Oi(e), 8t (e) and T}( e) are defined as above. 

A completed Zn quotient graph is a graph r with a minimal spanning tree T 
a basepoint *, a number nand 

v(v) for each vertex and v(e),oi(e),Ot(e) 
and T}(e) for each edge satisfying condition a)-d) above. 

DEFINITION 3. The graph complexity of an automorphism a of order n is the 
smallest number of edges in a completed Zn quotient graph representing a. 

We will denote completed graphs and completed Zn quotient graphs by r and r 
respectively when context avoids confusion. When considering a particular example 
of a completed quotient graph and the associated completed Zn-graph, we will 
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denote the quotient edges by letters (e.g., a, b, c, ... ), the corresponding edges of 
T with subscript 0 (e.g., ao,bo, Co, ... ) and the successive images under g with 
increasing subscripts (e.g., al = g(aO),a2 = g2(ao), ... ). (Note: The edge eEl' is 
covered by ek, 0 ~ k < Ve. Furthermore, the number of edges in r \ T covering the 
edge eEl' is v(e) if e ¢. T and v(e) v(t(e» if e E T.) 

PROPOSITION 1. A completed Zn -graph determines a completed quotient graph 
and conversely. Every automorphism of a free group of finite order is represented 
by a completed Zn -graph. 

Proof of Proposition 1: The first statement is straightforward. The second follows 
from the theorem of Culler [CuI. 0 

Note that the information that determines a completed Zn-graph also deter­
mines a basis for 11'1 (r, *)~namely the basis associated to the maximal tree T which 
is defined to be T with the first few images of each edge added to form a spanning 
tree. 

We can use these notions to prove a version of the theorem of McCool charac­
terizing automorphisms of finite order of a free group. The use of Culler's Theorem 
(proven after the publication of McCool's theorem) simplifies the argument consid­
erably. This theorem can be considered an analog of the rational canonical form 
representation of a linear transformation. 

THEOREM 1. Supposer and I' are a completed Zn -graph and the correspond­
ing completed Zn quotient graph with all the associated terms as described above. 
Suppose 0: is the automorphism of Fr (with basis S determined by T) induced by 
the generator of Zn. Then there is a basis S for that can be expressed in terms 
of the edges e ofr as 

S US(e), 

eEl' 

where 
k(e) 
k(e) 

= 
= 

v(e) - v(t(e» 
v(e) 

fore E 

for e ¢. 
so that 0: has the following form. 

a) For each edge eEl', o:(E;) Ei+1 for 0 ~ i < k(e) 1. 
b) If e E T and c is the edge ofT so that i(e) = t(c), then 

o:(Ek(e)-l) = E;;-(~)-2v(t(e) ... E':;(;(e))E01CoCv(i(e)) ... Cv(e)-v(i(e»' 

c) 	 If e ¢. T and c and d are the edges ofT so that i(e) t(c) and t(e) t(d), 
then 

Proof: Let 9 : r -+ r be the generator of Zn. For each edge eEl', let eo j(e) be 
the edge of T E r covering it, ej gj(eo) and 1'i(e) be the path in T from * to i(e) 
(so in particular, 1'i(eo) = 1'i(co)Co). Then define 

(1) Eo 1'i(eo)eOgv(t(e))(eo~) if e E 

(2) Eo = 1'i(eo)eog-'7(e)bg".(t(eo)) if e ¢. 
(3) E; = gi(Eo) (for all i), and 
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(4) S(e) = {Eo, E 1 , .•. , Ek(el-d, k(e) as above. 

Condition a) is clear. If e E T, then 

EOEv(t(e» ... Ev(el-v(t(e» = li(eo)eOgv(e) (eo li(eo»)) 

li(eo)COgv(e)(--))Co "'fi(eo) 

= li(co)COgOi(.)v(t(c) (co I.(co»)) 

= GOGv(t(e))' .. Gv(e)-v(t(c)' 

from which b) follows. 
If e 1:. T, let v' g1)(e) (t(eo)): then 

Ev(e) gv(e) ("'fi(eo»)eogv (e)-1)(e) (,V )
'
 

= (gv(e) b(eo) h(eo») . (li(eo)eOg-1)(e) ('Vl )) 


'g-1)(e) (bvlgv(e)bvl )) 

(go,(e)v(t(e) bi(eo)CO)Co li(Co») . Eo' g-1)(e) (li(do» do gO; (e)v(t(d»(dOIV' )) 

= Gv(e)-v(i(e»'" GV(i(e» G oE OD-1)(e)D-1)(e)+v(i(e))'" D-1)(e)+v(e)-v(i(e»' 

It only remains to show that S is a basis. The elements of S correspond to the 
edges of r \ T (albeit not in the usual way), so the cardinality is correct. It is 
straightforward to use the equations above to show inductively that S generates. 0 

§3) Matrix results 

In this section we prove the matrix results that will be applied in the next two 
sections. Consider the following sequence of maps, where e assigns the outer class 
to an automorphism, p, gives the matrix representing the abelianization of an outer 
cla..<;s (relative to the given basis) and X a..<;signs the characteristic polynomial to an 
integral matrix. 

9
Aut(Fn) ----> Out(Fn) GL(n,'1.,) ~ '1.,[t] 

where 

a f--+ a f--+ ll1a f--+ Xa (t). 

The maps e and p, are well known to be (1-1) on finite subgroups (in other 
words to have torsion free kernals )-the kernal of () is free and the kernal of p, is 
torsion free by [BTJ. The polynomial x(a) Xa(t) = det(tI - Ma)-which we call 
the characteristic polynomial of a-is the usual characteristic polynomial of the 
matrix }.la and depends only on the conjugacy class of a. (In arguing about the 
factors of x(a), we may as well consider the coefficients as rational numbers so that 
the standard theory of linear algebra over a field can be used. It is straightforward 
to check that all the results we use hold over '1., as well.) If a has finite order k, 
then so does Ma and by the Cayley-Hamilton Theorem, the minimal polynomial 
of Ma is a divisor of t k 1: therefore the minimal polynomial is a product of 
distinct cyclotomic polynomials corresponding to divisors of k. In the case of a 
shift automorphism, the minimal polynomial is Xa (t). 

We begin with some notation. All vectors v E '1.,n are assumed to be integral 
column vectors and matrices ME Gl(n, '1.,) act by multiplying on the left. 
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DEFINITION 4. Ifp(t) = tk+Ck_Itk-I+ ... +Clt+CO E Z[t], then the associated 
companion matrix is 

0 0 0 0 -co 
1 0 0 0 -CI 

0 1 0 0 -C2Cp = 

0 0 0 ... 1 -Ck-I 

More generally, 

C" 
0 0 

)0 CP2 0 
C -

Pl,P2,···,Pk ­ b 
0 CPk 

If B is a matrix of the appropriate size, then 

( CP1 
Pl,P2;B - 0C - ~2 ). 

If VI, v2, ... ,Vk E Zn, then (VI, V2, ... , Vk) is the n x k matrix whose columns are 
the Vi'S. Furthermore, 

Lv,M = (v, Mv, ... , J}ln-I v ). 

The vector C is a cyclic vector for the matrix M if the columns of Lc,M form a basis 
for zn and M is said to be a cyclic matrix if there exists a cylic vector for M. 

Note that if a: is a shift automorphism, then Ma = Cx" and is in particular 
cyclic. 

LEMMA 1. The vector C is a cyclic vector for M E Gl(n, Z) if and only if 
det(Lc,M) ±l. Furthermore, if there exists a polynomial r E Z[t] such that 

(1) deg(r) < n, 
(2) 1'(0) = ±1, 
(3) there exists a prime p so that 

r(M) S:' 0 (mod p) 

then M is not cyclic. 

Proof: The first statement is clear. Suppose r(t) = L:~:6 rktk is a polynomial 
with the stated properties and v is any vector. Properties (1) and (2) imply that 
r(M)(v) ±v + L:~:i rkAfkv-in other words, we can replace the first column of 
Lv,M with ±r(M)v without changing its determinant. Then (3) implies that this 
determinant is a multiple of p: it follows that v is not a cylic vector for M. 0 

LEMMA 2. Suppose nI = de, 1 ~ d, e < nl, and 

Suppose B is an integral matrix such that 'EB S:' 0 (mod p) for some prime pie, 
where 'EB is the sum of all the entries in B. Then the matrices CP1 .P2 and Cp1 .P2 ;B 

are non-cyclic. 
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Proof: Let q2(t) = ~~i} and ql(t) Pl~~;e (note that Pl(I) = e). We show that 
CPl>P2 and CPl ,P2;B are not cyclic by showing that the polynomial 

r(t) = Pl(t)P2(t) = Pl(t)q2(t)
t-I 

satisfies the conditions of Lemma 1 for both CP1 ,P2 and Cp1 ,P2;B for any prime divisor 

P of e. Conditions (1) and (2) are clear. 

Claim: 


r(Cpl) 0 )
r(Cpl>P2) = ( 0 r{Cp2 ) 

and 
r(Cpl ) qI (Cp1 )Bq2(Cp2 ) ) 

r(CPI ,P2;B ) ( o r(Cp2 ) . 

Furthermore, ql(CpJBq2(CP2 ) ~ 0 (mod p). 

Proof of Claim: Now PI I r so that r(CpJ = 0 and (t - 1) IPI(t) (mod p) so that 
r(CP2 ) ~ 0 (mod p). 

Block matrix manipulations show that 

r(Cp1 ,P2;B) PI (Cpl,P2;B )q2(Cp1 ,P2;B) 

B1 ) ( q2(Cpl ) B2 )( 6 Pl(Cp2 ) 0 q2(CpJ 

B1q2~Cp2) )Co< 	 (mod p)( 6 
where 

e~l k-1 

B1 '" '"C £BC k-1-l •LL PI P2 

k=l £=0 

Now 

(Cp2 - 1)q2(CP2 ) = 0 ==> C;2 q2 (CP2 ) = q2(Cp2 ) for all k, 

so that 

B' = B 1Q2(CP2 ) = 	 E::i E~':;CPl iBCP2 k-l-iq2 (CP2 ) 

(E::i E;':; CP1 i B) q2CP2 ' 

Furthermore, 
e-I k-l e-l 

(t - 1) L L ti = L (tjd-I - 1) PI (t) - e 
k=If=O k=I 

so that
E::i E;':; t f = ql (t). Thus B' = ql (Cp1 )BqI (Cp2 )' 
Considering the product Ql(CpJ(CPl -1) = 0, we see that the colunms of Ql(CpJ 

are all the same-i.e., Ql (Cp1 ) = D( all I's) for some diagonal matrix D-and direct 
calculation shows that Q2 (Cp2 ) = (all I's) are 1 'So Thus 

Ql(CPl )BQ1(Cp2 ) D(all I's)B(all l's) D(all EB's). 

The result follows. 	 o 
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LEMMA 3. Suppose VI Inl and V2 In2, and 

and 

and gcd(!!l. ~)..J. 1. 
l.Il' 1.12 ! 

Suppose B is an integral matrix such that EB ~ 0 (mod p) for some prime 
pie, where 

EB is the sum of all the entries in B. Then the matrices CP1 ,P2 and Cp1 ,P2;B 

are non-cyclic. 

Proof: Let el ;;-, e2 p be any prime divisor of e = gcd(el, e2) and let 
"I 

Then all the arguments of Lemma 2 hold when interpreted modulo p. o 

§4) Graph complexity one and two 

In this section we describe all shift automorphisms of geometric complexity 1 
or 2. 

THEOREM 2. All automorphisms of finite order n and geometric complexity 
1 are shift automorphisms. They are described in terms of the quotient graph r, 
which has a single edge a corresponding to the orbit {ai I 1 :::; I :::; n}, as follows. 

1) 	 The edge a is a loop with v(a) = n. Then Xl = al is a shift generator 
with representing word Xl: i.e., 

The generators and their inverses are shift generators. 
2) The edge a has two endpoints, the basepoint Vo and w =f Vo; furthermore, 

v(w) = 1 and v(a) n. Then Xl ala;-I is a shift generator with 
representing word ... X;;~l; 

i.e., 

The words XIX2 ••• Xk and their inverses for gcd(k, n) = 1 are shift 
generators. 

3) The edge e has two endpoints, the basepoint Vo and w =f Vo: furthermore, 
v(w) d =f 1 and v(e) n. Then 

'\ 

V\,~ 

Note: With some more work, one can show that the shift generators described in 
the theorem are all the shift generators. 

Proof of Theorem 2: The three possibilities of the theorem are illustrated below. In 
each case, there are n edges all ... , an, the first edge al is labeled and g(ai) = ai+l 

(mod n). 
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1) aXn 

~' 
<= :::> n 

2) a X n 
1 -1-1 X-_2"'X

n _ 1 1 

1 n 1 

-1 -13) a 
X5 Xl 

n = kl k 

1 12 4·3 4 

(Check: Q'X-1X-1 has order 12 in Aut(Fs):
5 1 

-1 -1
Xl ---+ X2 ---+ X3 ---+ X4 ---+ X5 ---+ X6 ---+ X7 ---+ Xs ---+ X5 Xl 

-1 -1 -1 -1 -1 -1 -1)
---+ X6 ---+ X 7 X3 ---+ Xs ---+ X1X5X5 = Xl·X 2 X 4 

Proof of Theorem 2: The quotient graph is either a loop or an edge with two 
different endpoints. 

If the quotient r is a loop, then r is clearly a bouquet of circles and the action 
of g is to permute the loops cyclically, leading to Case 1. Since reduced products 
are mapped to reduced products, it is easy to verify that the only shift generators 
are the free generators and their inverses. 



81 SHIFT AUTOMORPHISMS OF FINITE ORDER 

If the quotient r is an edge with endpoints Vo (the basepoint) and w with 
II(W) = 1, then we have the picture of Example 2 above. Then 

Thus Xl ala;1 is a generator with representing word x;;:lX;;-~l" .xII. 

If r is an edge with vertices vo, the basepoint, and w with lIew) d =I 1, then 
we have the picture of Example 3 above. 

Then 

Thus Xl = alad~l is a shift generator with representing word 

o 

THEOREM 3. All shift automorphisms of finite order and geometric complexity 
2 are realized by graph homeomorphisms whose quotients are of the following types. 

1) 1 nl n2 
e-­ • • 

111 112 

where gcd(!!l., .!!.a.)
Vl 112 

= L 

2) nl 

1 II 

where gcd( q:., ~) = 1. 

Proof: Besides the topological types of quotients described in the statement to the 
theorem, we have the following possibilities for two edge quotients (the placement 
of the basepoint being important). 
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a) nl n2 b) 

nl n2 

c) n2 d) n2 

nl nl 

The proof involves showing that none of these can be realized by shift auto­
morphisms, and that for the types described in the theorem, shift automorphisms 
occur only when the given greatest common divisor conditions are satisfied. Cases 
a), b) and c) are easy to dispense with: in each case, the matrix associated with the 
natural basis is block diagonal with two blocks that are companion matrices. But a 
shift automorphism has such a representation with a single block-the uniqueness 
part of the rational canonical form theorem shows that these three cases are not 
shift automorphisms. 

In case d), the corresponding matrix MOl is CPl ,P2 or CPl ,P2,B (notation as in 
Lemma 2 with 1/ = d), depending on whether 1/ 1 or 1/ = d =1= 1. In either 
case, Lemma 2 shows that MOl does not have a cyclic vector and so a is not a shift 
automorphism. 

Now consider Case 1) of the theorem. Relative to the natural basis, we have 

tn! (tn2 
till 

1) 1)
XOl(t) = ( _ 1 . tll2 _ 1 = PI (t)p2(t) 

and 
B)MOl CPl 

( o CP2 

where B = (0 I 0 I '" I CB), CB the column matrix with entries 1 in rows 1,1/ + 
1,··· ,n2 - 1/1 + 1 and 0 in the remaining positions. If gcd(~,;;-) =1= 1, then 
Lemma 3 applies to show that a is not a shift automorphism. If, on the other 
hand, gcd(~,;;-) 1, then Xl alblgIl2(bllall) is a shift generator. 

Now consider Case 2) of the theorem. Relative to the natural basis, we have 

tn! -1) 
(tn2XOl(t) = -- 1) = PI (t)P2(t)( till 1 

and 

MOl = (CPl B)o Cpz 

where B = (0 I 0 I ... I CB), CB the column matrix with entries 1 in rows 1,1/ + 
1, ... , n2 - 1/1 +1 and 0 in the remaining positions. In the case that gcd( .!!J.., ~) =1= 1,

III liZ 
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then Lemma 2 applies to show that a is not a shift automorphism. If gcd( 111 ;;-) = 

1, then Xl = albl"l is a shift generator. 0 

§5) Shift automorphisms of prime power order 

From the remarks at the beginning of §3, we know that the polynomial X(t) for a 
shift automorphism of finite order n is a product of distinct cyclotomic polynomials 
corresponding to divisors of n. 

Example: Suppose a has order 20. Since the divisors of 20 are 1,2,4,5,10,20 and 

t20 -1 CI(t)C2(t)C4(t)C5(t)ClO(t)C20(t) 
= 	 (t - l)(t + 1)(t2 + 1)· 

(t4 + t3 + t2 + t + 1). 
(t4 - t3 + t2 - t + 1). 
(tS + t 6 + t 4 + t 2 + 1) 

XQ(t) will be a product of some subset of 

{Cl(t),C2(t),C4(t),C5(t),ClO(t),C20(t)}. 

Since a has order 20 and not some factor of 20, the set of subscripts has greatest 
common divisor 20. 

The main results of this section are the following. 

THEOREM 4. There exists a shift automorphism a with XQ(t) Cn(t) if and 
only if n is a power of a prime. 

THEOREM 5. If a is a shift automorphism of order n = pm, p a prime, then 
for some k < m, 

XQ(t) = C lo+1 (t) ... Cpm (t),p

the product of the top m k cyclotomic factors of t n - 1. All such products are 
realized as characteristic polynomials of shift automorphisms of order n. 

Note that 

t pm 
_ 1 k 2k m k 

Cpk+ 1 (t)"'Cpm(t) = -1 =1+tP +tP +···+tP -p. 

We begin with the following observation. 

LEMMA 4. If the shift automorphism a of finite order n is realized by the 
homeomorphism g : r -+ r (fixing the base point) and XQ(t) has e irreducible 
factors, then r I (g) has at most eedges. This is in particular the case if 

XQ(t) Cd1 (t)Cd2 (t) ... cdAt) 

for divisors {dl •... ,dt} ofn. 

Proof: The representation of Theorem 1 shows that the matrix MQ is upper block 
triangular with one block for each edge of r I (g). Therefore the polynomial XQ (t) 
has a factorization with efactors of degree 1 or more. The second part follows from 
the fact that cyclotomic polynomials are irreducible. 0 
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Proof of Theorem 4: Suppose n = pm, p a prime: we describe explicitly a shift 
automorphism a with Xa:(t) Cpm (t). Define r to be the graph, shown below for 
n = 23 , with pm directed edges {ao, all ... , apm _d all with initial vertex Vo and 
pm_pm-l terminal vertices {Wo, WI, ... , Wpm_pm-l}. Let 9 be the homeomorphism 

g(vo) = vo, g(Wi) = Wi+l, g(ai) = ai+1, 

where the subscripts of the w's are interpreted modulo pm_ pm-l and the subscripts 
of the a's are interpreted modulo pm. Let a be the induced automorphism of the 
free group of rank pm pm-I. 

Wa 

::;::;:-e W2 -
Vo .s::::: :::::::= 

- a6 :>.e Wi 

Wo 

It is straightforward to check the following. 
a) 	The automorphism a is a shift automorphism for which a shift generator 

. -1' thIS Xl = aoapm- 1 ; I.e., e set 

SXl {Xl, a(Xl), ... ,apm_pm-l-l(Xl)} 

is a basis for Fpm _pm-l. 


b) The corresponding shift representing word is 

-1 -1 -1 -1

W(<>,xd Xl Xpm - l + 1X2pm-l+l .. 'X(p_l)P",-l+l' 

c) 	The characteristic polynomial of a is 

1pmXa:(t) = t(p-l)(pm-l) + t(p-2)(pm- 1) + , .. + t - + 1 = Cpm (t). 

(Recall that Cpm(t) Cp(tP"'-l).) 

For the converse, suppose 

a) a: Fr -> Fr, 

b) an = id, 

c) X<>(t) = en(t), 

d) 	a is induced by the homeomorphism 9 : r -> r. 
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By Lemma 4, the quotient r j (g) has one edge, and so is either a loop or a 
single edge. Furthermore, r has n edges which are permuted cyclically by g. By 
rank considerations, r !pen) where !pen) is the Euler totient function (the degree 
of X(t)). It is easy to deal with the case of a loop: since the action of 9 must fix the 
base point, the fact that there is a single vertex orbit means that there is a single 
vertex. Thus r is a circle and the action of 9 is a cyclic permutation of the loops. 

tnThen Xa:(t) = - 1. 
Now suppose rj(g) is an edge with vertices (the basepoint) and Wo i 

The number of vertices in the orbit corresponding to Wo is d for some divisor of n 
(d v(wo) in the terminology of §2). A maximal tree in r thus has d edges and 

r=!p(n)=n-d. 

Thus n !pen) is a divisor of n. The following simple claim finishes the proof of the 
theorem. 

Claim: The following are equivalent: 

a) n - !pen) divides n, 
b) n is a power of a prime. 

Proof' If n = pT, P a prime, then n - !p(n) = p~l -1 is a divisor of n. 
For the reverse implication, it suffices to assume that n is square-free since the 

fraction n-¢(n) does not depend on the exponents of the prime factors. Now 

n=Pl'''Pk=:::}n ¢(n)=Pl"'Pk-(Pl 1)"·(Pk- 1). 

This is a divisor or n if and only if it equals a product, say PI ... Pc, of the factors 
of n. This is equivalent to the equality 

But the first i terms on the left are less than the first i terms on the right, and for 
the remaining factors, 

(PHI - 1) .. · (Pk 1) < (PHd .. · (Pk-J)(Pk 1) 
Pl+I" 'Pk - PHI" 'Pk-l < PHI" ·Pk-1. 

Thus equation (*) is impossible since the left-hand side is less than the right-hand 
side. 0 

This concludes the proof of Theorem 4. 0 

Proof of Theorem 5: Consider the graph r with a base point vo, a family of pk 
vertices {WO,Wl, ... ,Wpk_d and a family of pm edges {ao,al, ... ,ap"'-d with a 
homeomorphism 9 : r -+ r so that: 

a) the edge ai joins Vo to w~, where i' is the reduction of i modulo pk, 
b) g{ai) = ai+1, i considered modulo pm, 
c) g(Wj) = Wj+l, j considered modulo pk, 

Then Xl = aoa-l is a shift generator with representing word 
p 
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and characteristic polynomial 

tpm 1 
Xa(t) = •

tP
Ie 
-1 

This proves the second part of Theorem 5. 

Now suppose a is an automorphism of order pm of a free group of rank r. Then 


pmsince Xo(t) divides t 1, 

Xo(t) Cplct (t)cplc2 (t) . .. Cplc, (t) 

for some kl < k2 < ... < ks. Furthermore, ks = pm since a has order n pm and 
not some lower power of p. 

We need to show that if for some subscript i, k i + 1 < ki+!, then the matrix 
Ma does not have a cyclic vector and so can't be the matrix associated with a shift 
automorphism. The following fact about cyclotomic polynomials will be needed. 

Claim: Suppose p is a prime. 
m-1 

a) Modulo p, Cpm (t) is a multiple of cp(t)Cp2 (t) ... (t)Cpm-1 (t) t" t_l- 1 

b) If s < r, then the matrix CpS ( CCpr (t» is invertible as an integral matrix. 

Proof of Claim: 
First note that 

Sp-l + sp-2 + ... + s + 1 = (s 1) (SP-2 + 2sp- 3 + ... + (p 2)s + (p - 1») + p 

so that s 1 divides Sp-l +Sp-2 + ... + s +1 modulo p. Thus tpm 
-

1 
1 divides 

Cpm (t) = tp"'-1(p-l) + tp",-1(p-2) + ... + t pm-
1 + 1 modulo p. But 

tP
m-1 

1 = (t - I)Cpl (t) ... Cp",-1 (t) 

proving a). 

Since cp.(t) divides tP' - 1, it suffices to show that C::r (t) I is invertible: i.e., 

that 1 is not an eigenvalue of Cf;r(.)' But the psth powers of the primitive pTth roots 

of 1 are all eigenvalues Cf,. )' each with multiplicity pB. Since the number of them 
p (' 

is the dimension of Cf;r(.) , 1 is not an eigenvalue. Thus Cp' (Cepr(,) is invertible 
as a matrix over the field of rationals. But its determinant is ±1, so its inverse in 
integral. This establishes b). 0 

Returning to the proof of Theorem 5, suppose a is represented by the graph 
homeomorphism g : r ~ r. We show that if r has one edge, then the condition on 
the characteristic polynomial is satisfied and that it is not possible for r to have 
two or more edges for a shift automorphism of this type. 

Case 1: If r has only one edge which is a loop (see Case 1 of Theorem 2), then 

Xa(t) = t
pm 

-1 = CpO(t)Cpl(t)·· 'Cpm(t) 

with all powers appearing. 
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Case 2: If r has only one edge which is not a loop, and the vertex orbit other than 
the base point has only one vertex (see Case 2) of Theorem 2), then 

tP'" -1 
Xa(t) = t _ 1 Cpl (t)Cp 2 (t) ... cp '" (t) 

with all powers except the oth appearing. 

Case 3: If r has only one edge and the vertex orbit other than the base point has 
more than one vertex (see Case 3) of Theorem 2), then 

pmt -1 
k =Cpk+l(t)Cp2(k+ll(t)"'Cpm(t)

tP -1 

Case 4: If r has more than one edge, then it follows that Ma is similar to a matrix 
M~ in upper block triangular form: 

M~ = (~l !). 
If the characteristic polynomial of Ai is mi(t), then Xa(t) = m2(t)ml (t). Therefore 
Xa(M~) = m2(M~)ml(M~) = 0 and 

m2(Al) B') ( 0 B" ) (00 m2(AdB" 0+ B'ml(A2) ) = O. 
( o 0 0 ml(A2) 

Thus m2(AdB" + B'ml(A2) = O. Now 

ml(t)m2(t) = Xa(t) Cpkl (t)Cpk2 (t)··· cp",(t), 

so that Cp",(t) divides either ml(t) or m2(t) but not both. Suppose cp",(t) divides 
ml(t) but not m2(t). Then m2(A1) is invertible by part b) of the Claim and 
ml(A2) = 0 (mod p) by part a) of the Claim. Thus B" = 0 (mod pl. In this case, 
ml(M~) = 0 (mod p), and the result follows from Lemma 1. A similar argument 
works if cp'" (t) divides m2 (t) but not ml (t). 

o 

§6) Two generator one relator groups 

Observation: The HNN extension Hw of Fn determined by the shift automor­
phism tXw is a two generator, one relator 9rouPi namely 

Hw = (Xl. X2, . .. ,xn, t I tXit-1 = XHl for 1 :::; i < n, txnt-1 w) 
. ~ (x, t I tnxt-n = W(Xl, tXlt-l, ... , tn-1xlt-(n-l)). 

Note that the total exponent of t in the relator is O. 

This observation raises the question as to which two generator one relator 
groups correspond to shift automorphisms. The following addresses this question. 

Consider the group G (x, y I R) and the swap that replaces x with z = xy. 
Then the total exponent vector of R changes by (a, b) -> (a, b a). Thus we 
can apply the Euclidean algorithm to the pair (a, b) repeatedly to get a pair (d,O) 
with associated changes on the groups that generate them. So we can assume that 
G = (x, t IR) where t has total exponent 0 in R. Now write 
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R = RI(tkl Xr k1 , tk2xrk2, .. . , tkrxt-kr ) 

with k1 = min(kl' k2 ,··., kr ) and kr max(k1, k21 •• • 1 kr ). Then 

R tk1 R'(x, txC 1, . .. ,tkr-klxckr+kl )Ck1 

and R can be replaced by its conjugate R'(x, txt-1, ... , tk,.-klXCkr+kl). Then this 
presentation of G displays it as an appropriate Hw if x and tkr-klxt-kr+kl each 
appear exactly once in R'(x, txt-1, ... , tkr-klxt-kr+kl). 

THEOREM 6. If (l is a shift automorphism of finite order and geometric com­
plexity 1, then the corresponding HNN extension is one of the following: 

i) (x, t I tnx = xtn ), ii) (x, t I Xk tn) where k divides n. 

Proof: Theorem 2 gives representatives for all such automorphisms for which the 
conversion to two-generator one-relator form is straight forward. Case 1 leads to 
(x, t I tnx = xtn ) in which x is the first generator and t is the stable variable. Cases 
2 and 3 lead to (x, t I (tix-l)k = tn), where e= 11, k = ~, x is the inverse ofthe first 
generator and t is the stable letter. (In case 2, 11 = 1.) Replacing the generating 
pair {x,t} with {t€x,t} gives (x,t I xk =tn). 0 

Examples: 
1) 	 The HNN extension corresponding to a shift automorphism of complexity 

1 and order 12 is one of the following: 

(x, t Ix 2 = t 12 ), (x, t I x3 t12), (x, t Ix4 = t 12 ), 

6 12 12(x, t I x t 12 ), (x, t I x = t I2 ), (x, t I t x = xtI2 ). 

These six groups are all different since their abelianizations have different 
orders of torsion. 

2) The HNN extension corresponding to a shift automorphism of complexity 
1 and order 13 is one of the following: 

(x,t I X13 = t 13 ), (x,t I t13x xt13 ).. 

Again these groups are different since their abelianizations have different 
torsion. This example follows easily from [DSJ. 
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