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Wasserman & Faust, Ch.15 
Source: Chapter 15,  
Wasserman, Stanley and Katherine L. Faust. (1994). Social Network Analysis: Methods 

and Applications. New York: Cambridge University Press. 
 
Summary: 
Wasserman & Faust, Ch.15 reviews the P1 model. The P1 model attempts to pedict relations 

between pairs of actors.  

There are three possible relation types: symmetric, asymmetric and absent (no relation).  

The P1 model begins with the Y-array.  

A Y-array is formed from a sociomatrix.  

For dichotomous data, one can conceive of a Y-array as something like a truth table. The table 

has the form: 
 
Yij00   Yij10 

Yij01   Yij11 

 

This can be explained as 

1) If  Yij00 is 1: No tie from i to j and no tie from j to i. 

2) If  Yij10 is 1: There exists a tie from i to j, but none from j to i. 

3) If  Yij01 is 1: There exists no tie from i to j, and a tie from j to i. 

4) If  Yij11 is 1: There exists a tie from i to j, and from j to i. 

 

Thus, the Y-array is four dimensional.  

A tie between any tow actors in the socio matrix can e represented in the Y-array. 

The four possible entries are mutually exclusive. So only one of four will have the value “1" 

and the other three will have "0"s depending on the relationship between i and j. 

 

Thus, there are four possible relations to test for. The testing part is the P1 model. The four 

basic equations are shown below: 

 

Log P(Yij00 =1) = lamda(ij) 

Log P(Yij10 =1) = lamda(ij) + theta + alpha(i) + beta(j) 

Log P(Yij01 =1) = lamda(ij) + theta + alpha(j) + beta(i) 

Log P(Yij11=1) = lamda(ij) + theta + alpha(j) + beta(i) + alpha(i) + beta(j) + alpha-beta 

 

The equations contain : the expansiveness of each actor (alpha), 

 the popularity of each actor (beta),  

the density of the network (theta),  

the overall degree of reciprocity in the network (alpha*beta), 

a constant (lambda) is a technical requirement of the model but is not interpretable 
 
The asymmetric relations (Yij10, Yij01) include only a single alpha (sender) , and drop the 

reciprocity term. 
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The no relation equation (Yij00) contains a single term. It is a constant.  

 

The symmetric euation (Yij11) contains all the terms.  

 
The P1 model is estimated via maximum likelihood regression. The regression produces both 

parameter estimates and allows for estimates of the random variable. The model makes the 

assumption of statistically independent ties among dyads. This assumption is relaxed in the 

P* model. 
  
Attribute Variables and the W-array:  
The P1 model can be extended to incorporate attribute information.  

This is accomplished by categorizing actors into subsets based on the attribute variable.  

Example, gender(male or female) divides the actors into two subsets. 

If we use more than one attribute (age and gender) we get more subsets (example old male, 

young male, old female, young female).  

This is done to construct a W-array.  

To construct the W-array from the Y-array, sum the elements of the Y-array over pairs (ni, nj) 

where actor i is a member of subset s(i) and actor j is a member of s(j). 
 

log  P(Yijkl=1)  = θk    θl     +   αk
[s(i)]

    +   αl
[s(j)]

    + 
 

βk
[s(j)]

  +  βl
[s(i)]

   +  (αβ)kl 

 

the s(i) and s(j) represent the different sungroups and do not indicate mathematical power 

function.  

 

Strict relational analysis and the V-array: 

If you don't care about who sent ties or who received them and you don't care about attributes 

you can generate a V-array and perform another kind of analysis. This analysis focuses on the 

relation alone. The V-array is obtained by further aggregating the Y or W array. 
   

log P(Yijkl=1) = θk   θl  + (αβ)kl 

 
P1 can also be extended to ordered categorical relations. This is accomplished by weighting 

each alpha and beta term by the difference between the categorical weight and the mean 

categorical weight. 

 

Wasserman & Faust, Ch.16 
Source: Chapter 16,  
Wasserman, Stanley and Katherine L. Faust. (1994). Social Network Analysis: Methods 

and Applications. New York: Cambridge University Press. 
 
Summary: 
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A blockmodel consists of a set of image matrices, along with a description of which actors are 

assigned to which position. 

It has an approximate nature. This is the main problem with positional analyses. 

If structural equivalence was always perfect, blockmodels would fit perfectly, and there would 

be no need for measures of fit. But rarely is this the case. 

We can comparing observed densities to a Target Blockmodel. 

The simplest goodness-of-fit index is the sum of the absolute differences between the elements 

of    and the element of blockmodel B. 

 

Another index, Carrington-Heil-Berkowitz maximum chi-squared statistic reasoning. 

It can be extended to multiple relations 

The most important formulas to be registered are 16.3 and 16.7 in the text book. 

 

By assuming a stochastic model for the relational data, A stochastic blockmodel  for social 

network data can be obtained. 

After this the actors can be partitioned into subsets or blocks. 

 

The difference between a stochastic blockmodel and a blockmodel is the assumption of a 

probability distribution for all the ties. 

X 1, X2, ..., X R as a collection of random variables consisting of measurements on R relational 

variables for as set of g actors, and put all of these R random matrices into a giant super-

sociomatrix X, and define the probability distribution for X as p(X) = Pr(X=x). 

 

Conditions: 

(i) The random dyadic variables Dij are all statistically independent of each other 

(ii) For any actors i ≠ j and i’ ≠ j’, if i and i’ belong to the same position, then the random dyadic 

variables Dij and Di’j’ have the same probability distribution. 

 

The second condition implies that if we calculate any probability using p(x), the probability is 

unchanged when we substitute actors belonging to a specific position for one another. And this 

fact leads us to a definition of ‘stochastic equivalence.’ 

 

The definition of a stochastic blockmodel implies that actors within a specific position are 

‘exchangeable’ or ‘substitutable’ with respect to the probability distribution p(x). 

Given a stochastic ‘multigraph,’ represented by the collection of random matrices X, actors i and 

i’ are stochastically equivalent if and only if the probability of any event concerning X is 

unchanged by an interchanging of actors i and i’. 

 

We use the above analysis to find the function which maps actors to positions: 

The function is known in advance, and depends on exogenous actor characteristics such as age.  

A posterior, which tries to find the mapping function using relational data  

 

Now we have to introduce the goodness of fit measure for the Stochastic values. The previous 

measures are lacking since they are not based on statistical models, and they do not have well-

known distributions. 
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The proposed index is to use the likelihood-ratio statistic G2 for the fit of the assumed stochastic 

blockmodel p(x) as a goodness-of -fit index for the stochastic blockmodel (for the equation, rf. 

16.21) → how closely actors adhere to the definition of stochastic equivalence for a given 

partition. 

Advantages: 

Its asymptotic distribution is close to the X2 distribution  

Easy to compute  

Easy to determine if a special case of p(x) fits the data better  

Uses all of the information imposed by a given blocking without sacrificing parsimony  

 

When partitions are based on exogenous information, an assessment of whether actors within 

positions are actually stochastically equivalent is desirable (statistical tests are possible). When 

partitions are based on relational data, a means of identifying ‘optimal’ of ‘good’ mappings is 

essential (not proper to use for parametric hypothesis tests. 

In stochastic blockmodel analysis, density tables and reduce graphs are useful, but image 

matrices are not necessary since ties between actors are indicated with certain probabilities. 
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Preliminaries: 
    At my first attempt to read the Robins et al. (2007) paper, I couldn’t understand it at all.  

    I found it helpful to go through the Frank and Strauss (1986), which elucidate on questions like 
why is the “exponential random graph” model, in the form as stated in Robins et al paper, valid? 
and what do the variables in the model equation really represent. 

    I include a brief summary of the relevant parts in Frank and Strauss (1986) below, and hope it 
can help you better understand the Robins et al. paper, as it did for me. 

 

Some definitions: 

 Let Z be a sequence of m discrete random variables: Z=(Z1, …, Zm). 

 Let M be the index set: M={1, 2, …, m}. 

 Let Ri be the range space for each Zi, and let R be the range space for Z. (|R|< ). 

 Denote the probability function of Z as: Pr(Z=z)=P(z). We can further denote P(z) as 

 

Thus, for any P with P(z)>0 for zR, we have: 

 

 is called the A interaction on Z. 

 two ways to impose identifiability restrictions: 
o (Besag 1974) without loss of generality, let there be a zero squence in R, and take 

z*=0, and set =0, if zi=0 for some iA. 

for binary random variables, we then have: 

, where is the value of  where zi=1 for all iA. 

o Set , for iA and zR. This implies: 

 

 Definition of dependence graph:  
The dependence graph D on M defines the conditional dependences present among 
the pairs of random variables in Z. 
D is a subset of all the pairs in M. The vertex set of D is M (the index set of the random 
variables under investigation. 
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Hammersley-Clifford theorem( stated in a form with “dependence graph”) 

 Hammersley-Clifford theorem states that a probability distribution that has a positive 
mass or density satisfies one of the Markov properties with respect to an undirected 
graph G if and only if its density can be factorized over the cliques (or complete 
subgraphs) of the graph. 

 In our context, the theorem shows that =0 for all zR unless A is a complete 

subgraph(clique) of D. 

 This means in the expansion of Q(z), we only need to consider those A interactions 
over cliques of D!! 

 

An example (independent random variables) 

 For a sequence of independent random variables (Z1, …, Zm), the dependence graph 

D=, thus, there are only singleton cliques of D, so: 

 

 

Another example (Markov sequence) 

 For a Markov sequence (Z1, …, Zm),  the random variable is only dependent on the 
previous one, the dependence graph D={(1,2),(2,3),…(m-1, m)}. There are singleton 
cliques and nearest neighbour pair cliques in D. We have: 

 

 

Corollary  

Any random undirected graph G on N with dependence structure D has probability 

 

and  is an arbitrary constant when A is a clique of D and =0 otherwise. 

 

 

 

Summary of Wasserman and Robins(2005), and Robins et al(2007) papers: 
 

With the above preliminary knowledge, we now look at two articles on dependence graphs and p*. 

The first article is a book chapter from “Models and Methods in Social Network Analysis.” In this 
chapter, the authors introduce 3 types probability graph models: Bernoulli and conditional 
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uniform graph distributions, dyadic dependence distribution and the p* model. The authors also 
mention and compare two methods of p* estimation. 

The second article provides a summary of the formulation and application of p* model for social 
networks. It reviews and gives examples of different dependence assumptions and discusses the 
estimation procedures.  

 

An Introduction to Random Graphs, Dependence Graphs, and p* 
 

Stanley Wasserman, Garry Robins 

 

 

This chapter introduces the concept of dependence graphs, and shows how dependence graph 
can be used to distinguish different random graph types with various dependence assumptions. It 
briefly reviewed the Bernoulli and conditional uniform graph distributions,  and dyadic 
dependence distribution, and focus on discussing p* model. It then presents and compares two 
estimation methods for the model: pseudolikelihood estimation, and Monte Carlo simulation. 
The conclusion is that there is tradeoff between convenience and precision in these two methods, 
and Monte Carlo simulation should be preferred whenever possible. 

  

Bernoulli graphs and conditional uniform graph 

 Bernoulli graph: The simplest dependent structure for a graph is when all the edge 
indicators are independent of each other. We call this graph a Bernoulli graph with 
edge probability (pij), for 1<=i<j<=n.  

 The dependence graph D of a Bernoulli graph is empty. 

 To get the probability distribution of G is straightforward. 
 
Dyad dependence model 
  

 Definition: (let Xij denote the existence of relationship between actor i and j in a 
graph. ) Xij and Xkl are dependent conditional on the rest of Xs, iff {k,l}={j, i}. 

 This model is also called p1. 

 To get the probability distribution is also straightforward. (Exercise) 
p* 

 p*: a general dependence graph D with an arbitrary edge set. 

 a special case: the Markov sequence graph stated above. 

 usual assumption to minimize # of parameters:  

o homogeneity: the s for isomorphic As are equated. 

o equate s by assuming a priori stochastic blockmodels 
o setting higher order interactions to zero. 

 Interpretation of parameters can be complicated. 
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Estimation 

 the probability function of p*  

 Likelihood function: L 

 (L)’ is difficult, and in most cases impossible. (i.e. maximal likelihood is impossible to 
get) 
 

Alternative methods: 

 pseudolikelihood estimation: uses a pseudolikelihood function to approximate the 
estimation. 

 pseudolikelihood estimation is relatively easy to compute 

 Monte Carlo simulation: repeatedly simulate the graph distributions until the 
parameters stabilize 

 Several algorithms can be used to simulate Markov random graphs 

 Monte Carlo: computation intensive, degeneration issue, but should be the preferred 
method whenever possible.  

 

An introduction to exponential random graph (p*) models for social networks 

 
Garry Robins, Pip Pattison, Yuval Kalish, Dean Lusher 

 

In this article, the authors review different random graph models and their applications in 
different social network tie dependency assumptions. The discussion starts with introducing the 
significance of modeling social networks. Then, the authors outline a step-by-step framework for 
network model construction. Section 3, 4 and 5 of this article talks about dependence 
assumptions, parameter constraints and estimations, which overlaps with the previous 2 papers. 
(May pay attention to the examples given in these sections).  

 

In this summary, I will highlight the step-by-step network model construction framework, and 
briefly introduce the dependence structures with node-level variables, and some more complex 
dependence assumptions (4.4 and 4.5). I will also summarize the short example of Markov 
random graph for Medici network. 

 

Why apply statistical models to social networks? 

 Allow us to capture the regularities in the processes, and to understand the 
uncertainty associated with the observation 

 allow us to infer whether an observation is common or by chance 

 evaluate differences in various social processes 

 to understand more complex network data 

 to investigate questions about localized social processes vs. global network patterns. 
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A general framework for model construction 

1. each network tie is regarded as a random variable 
2. a dependence hypothesis is proposed, defining contingencies among the network 

variables 
3. the dependence hypothesis implies a particular form to the model 
4. simplification of parameters through homogeneity or other constraints 
5. estimate and interpret model parameters 

 

Dependece structures with node-level variables 

 X: a binary attribute variable vector 

 Hypotheses: social ties tend to develop between actors with same attributes 

 To test this similarity hypotheses, we are interested in the conditional probability 
Pr(Y=y|X=x), where y is the observed graph. 

 dependence assumption: the attribute of i (Xi) influences the possible edges involving 
i (Yij)  

 

Other dependence assumptions 

 stetting structures: settings based on spatiotemporal, organizational and other 
structures. (Schweinberger and Snijders, 2003) 

 realization-dependent model: actors that don’t share neighbor may be dependent 
through third party links. (Pattison and Robins, 2002) 

 new model specifications: introducing higher order terms. 

 

Example of Markov random graph model on Medici business network 

 

 the first and last parameters are statistically significant 

 negative : relation occurs rarely 
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 positive : relations tend to happen is triangle structures. 
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Logit Models for Affiliation Networks1 

Background 
 Affiliation networks 

o consisting of a set of actors and a collection of "events" (or social occasions) with which subsets 
of actors are affiliated 

o have been used to investigate the empirical implications of these theoretical insights 
 Recent development of statistical methodology in SNA 

o Methodology for one-mode social networks has developed rapidly over the past several decades 
 It discarded the assumption of dyadic independence in favor of more complicated and 

realistic structures of dependency between dyads 
 p* models is…  

 expressed in logit form 

 estimated approximately by logistic regression techniques 
o But, there has not been similar development of methods for studying affiliation networks 

Goal of this study 
 Generalize the logit models to the analysis of affiliation networks. 

 These models allow us to study the (log) odds (or logit) of an actor's belonging to an event or an event 
including an actor as a function of properties of the two-mode network of actors' memberships in 
events.  

Independent dyad choice models for two-mode networks 
 Notations 

o g: the number of actors 
o h: the number of events 
o G: the set of actors 
o H: the set of events 

o 𝑋(𝐺 𝐻): matrix representing the affiliation network 
o P(𝑥𝑖𝑗 =m): the probability that actor i belongs to event j at level of participation; m 

 Log-linear form 
o A simple dyad choice model: log P(𝑥𝑖𝑗 =m) = 𝜆𝑖𝑗  + 𝜃𝑚  + 𝛼𝑖(𝑚) + 𝛽𝑗 (𝑚) 

 𝛼𝑖(𝑚): the tendency for actor i to belong to events at level m (holding the other 

parameters constant) 
 𝛽𝑗 (𝑚): the tendency for event j to be belonged to by actors at level (holding the 

other parameters constant) 
 𝜃𝑚 : general strength effects related to the overall frequency with which actors 

belong to events at level m 
 𝜆𝑖𝑗 : technically required term 

o Assumption: the dyads are independent 

                                                      
1
 Skvoretz, John and Katherine Faust. (1999). “Logit Models for Affiliation Networks.” Pp. 253-
280 in Mark P. Becker and Michael E. Sobel (eds.) Sociological Methodology 1999. Boston, MA: 
Blackwell Publishers. 
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 The occurrence of a tie at level m between actor i and event j is independent of 
the occurrence of a tie at level m’ between actor i’ and event j’.  

 The joint probability distribution of the affiliation matrix is a product of the 
dyadic probabilities. 

o But, this assumption of dyadic independence is often regarded as suspect in analyses 
of one/two-mode networks 

Models for affiliation networks 
 Homogeneous (interchangeable) triad 

 
 Logit model of homogeneous (interchangeable) triad 
 

 
o 𝑥𝑖𝑗 =1: presence of certain tie 

o 𝐺−𝑖𝑗 : graph including all adjacencies except the 𝑖, 𝑗𝑡ℎ  one 
o 𝜃: overall density effect 
o 𝜎𝑎 : the impact that actor 2-stars have on the logit. An actor’s involvement in one event 

may depend on his or her involvement in another event. 
o 𝜎𝑒 : the impact that event 2-stars have on the logit. An actor’s involvement in a 

particular event may depend on other actors’ involvement in that event. 

 Two higher-order properties of an affiliation network 
o Subgroup overlap 

 Actor overlap: the degree to which actors jointly participate in many events 
 Event overlap: the degree to which events are jointly participated by the same 

actors 
o Path length between actors/events 

 Two types 

 Average number of events on the shortest path between two actors 

 Average number of actors on the shortest path between two events 
 Interpretation 

 Prevalence of short paths between actors/events indicates system 
integration 

 Prevalence of long paths between actor/events indicates system 
segregation 
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Two illustrations 
 

Davis, Gardner, and Gardner’s case  
 Affiliation network of participation of 18 Southern women in 14 social events 

 Logit models of  data for Davis, Gardner, and Gardner 

  
 Pseudo-likelihood ratio statistic (the fits of 

model): the less, the more fitted 

 Model 2 
o Homogeneous effect for 2-stars 

 Model 5 
o Non-homogeneous effects for type 

of 2-stars 

 Parameter estimate 0.175 means… 
o The effect of 2-stars is positive 
o The greater the number of 2-stars 

disrupted by the absence of a 
particular actor-event tie, the 
greater the log odds that the tie is 
present versus absent. 

 Parameter estimate 0.186 means… 
o The effect of event 2-stars is 

positive and more than that of 
actor 2-stars 

o Coattendance at events over pairs 
of actors is primarily responsible 
for the positive 2-star effect 

 p* models for Davis, Gardner, and Gardner data 

  
 Model 8 

o The best fitting model 
o Effects for event overlap and the 

distance between events (a-on-e 

 Event overlap 
o Negative effect on the presence 

of a tie 
o Opposite relationship: as 



PAD 637  Week 12 

  Priyanka, Weiyi, Junesoo 

16 
 

events is measured by the number 
of actors on the shortest path 
between them 

between two ties (𝑥𝑖𝑗  and 𝑥𝑘𝑙 ), 

the one that has the higher 
probability of occurrence is 
associated with a lower amount 
of event overlap 

o An actor would be less likely to 
add a tie to an event if the actors 
already tied to that event are 
ones to whom the focal actor is 
not already tied via co-
participation in other events; 
isolate himself by avoiding event 
overlap 

 Average distance between events (a-on-e 
path) 

o Positive effect on the presence of 
tie 

o “Anti-bridging” tendency: a tie 
from an actor to an event that 
would create shorter paths is less 
likely to occur than a tie that 
would create longer paths 

o Consistent with the frequently 
observed “clique” structure in 
these data; events differentiate 
actors 

 
Galaskiewicz’s case  
 The 15 board/club memberships of 26 CEOs in Minneapolis-St.Paul. 

 Logit models for CEOs and boards/clubs network 
o Including models with a blocking of the events 

  
 Model 2 and 5 

o Improvement of fit: it is worth 
distinguish actor 2-stars and event 2-
stars 

 Model 3 and 4 

 Actor 2-stars and event 2-stars 
o Have contrasting effects on the 

odds (likelihood of a tie) 
o Actor 2-stars decrease the odds 
o Event 2-stars increase the odds 
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o Model 3 has more improvement: 
event 2-stars provide more leverage 
than do actor 2-stars 

 Model 4 and 8, 5 and 9 
o Event blocking improves the fit of 

model 

 Block 1 
o Large negative effect of actor 2-

stars 
o Membership in the clubs tends 

strongly to being mutually 
exclusive 

 Block 3 
o Small negative effect of actor 2-

stars 
o The more boards of a given type to 

which an actor belongs, the lower 
is the likelihood that he belongs to 
one more 

 

 p* models for Galaskiewicz data 

 
 

 Model 4 
o The best fitting model 
o An effect for the distance between 

events 

 Average distance between events (a-on-e 
path) 

o Negative effect on the presence of 
tie 

o “bridging” tendency 
o Events integrate actors 
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Testing multitheoretical, multilevel hypotheses about organizational networks: 

An analytical framework and empirical example
2

 

Goal 
 Deploy a comprehensive network analytical framework to specify 

 Statistically model the structural tendencies of network forms on the basis of multiple 
theories and at multiple levels of analysis 

New moves 
 Nine families of theoretical mechanisms that have been used to explain the creation, 

maintenance, dissolution, and reconstitution of organizational networks 
o theories of self-interest 
o theories of mutual interest and collective action 
o cognitive theories 
o cognitive consistency theories 
o contagion theories 
o exchange and dependency theories 
o homophily theories 
o proximity theories 
o theories of network evolution and coevolution 

 The new network forms of organizing are… 
o precipitated by technological developments 
o eroding the distinction between formal and emergent structural categories that 

traditionally have been used to characterize organizations 

 Shift in focus 
o from examining “emergent” (i.e. informal) networks  
o to understanding the “emergence” of organizational networks 

 Three major moves: modeling the dynamics through which flexible 
organizational forms emerge 

 From  To  

Technique Exploratory and descriptive Confirmatory and inferential 

Level of 
analyses  

Single-level, single-theoretical 
network 

Multitheoretical, multilevel 

Goal Purely network explanations Hybrid models that also include 
attributes of the actors 

                                                      
2
 Contractor, Noshir, Stanley Wasserman, and Katherine Faust. (1999). Testing multi-level, 

multi-theoretical hypotheses about networks in 21st century organizational forms: An analytic 
framework and empirical example. Unpublished manuscript. Urbana, Illinois: Departments of 
Speech Communication & Psychology, University of Illinois. (URL: 
http://www.spcomm.uiuc.edu/users/nosh/manuscripts/pstarpaper.html). 
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Theoretical and methodological challenges 
 
Challenge 1: Confirmatory Network Analysis  
 Basically, network data are relational and non-independent observation 

o “standard” statistical methods which simply assume independent units are not 
appropriate 

 
Challenge 2: Multilevel Network Analysis  
 For the purpose of analysis, most network data are 

o transformed to a single level of analysis (e.g. the actor or the dyadic level)  
 which necessarily lose some of the richness in the data   

o analyzed separately at different levels of analysis 
 thus precluding direct comparisons of theoretical influences at different levels 

 Therefore, combining and comparing effects simultaneously necessitates an analytic 
framework that offers multilevel hypothesis testing 
 

Challenge 3: Hybrid Network Attribute Models 
 Feasibility of creating hybrid models that incorporate information about actors’ attributes to 

explain their network patterns 

Multi-theoretical, multilevel models 
 Essence of model 

o Consider the genres of multi-theoretical, multilevel hypotheses that might influence 
the structural tendencies of a network 

 Methodology 

o To overcome the “standard” statistical obstacle, these hypotheses are framed in terms 
of the probabilities of graph realizations with specific structural tendencies. 

 Assumption 1: randomness 
o The graph (network) under consideration is random 
o The observed network (i.e., the empirical data) is only one graph realization among 

(usually) many theoretical possibilities. 
 e.g. Consider an interorganizational consortium of 17 members 
 The number of possible graph realizations can be quite large: 2272  possible 

configurations of the network (referred to as the sample space) 
 The observed network is only one of these possible graph realizations. 

 Assumption 2: distribution of randomness 
o The probability of the observed graph relates to the probability distribution across the 

sample space.  
o For instance, the probability of the observed graph is vastly different in the uniform 

distribution of graphs compared to certain other distributions. 

 Core hypotheses to test 
o Proposition: graph realizations with the hypothesized property have larger 

probabilities of being observed. 
o Null hypothesis: All Ties Are Independent with Equal Probability 

 How to test 
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o Use parameters which capture the extent to which certain hypothesized structural 
tendencies are exhibited 

o Such parameters… 
 Are estimated by quantifying the effects of the hypothesized structural 

property on the probability of ties being present or absent in the network. 
 Describe a distribution of graphs with the hypothesized properties, in which 

the observed graph is the most typical representative. 
o If a parameter is statistically significant, then the hypothesized property is statistically 

important for understanding the structural tendencies of the observed network. 

 Variables which influence the probability of ties being present or absent in the focal network. 
o Endogenous variables  

 Structural tendencies based on configurations of the focal relation itself 
 in this case, the communication relation 

o Exogenous  variables 
 All variables “outside” the focal communication relation  
 Structural tendencies that incorporate factors other than the focal relation 

itself 
 In this case, the attributes of actors in the network and additional network 

relations among the actors, as well as the same network relation at previous 
points in time. 

 Framework for testing and hypothesized theories 

Independent 
variable 

Level  Other  

Actor Dyadic  Triadic  Global  Other 
relations 

Same 
relation 
in the past 

Endogenous 
(same 
network) 

Theory of 
structural 
holes 

Social 
exchange 
theory  

Balance 
theory  

Collective 
action 
theory 

n/a n/a 

Exogenous 
(shared actor 
attributes) 

Theories of 
homophily 

Exchange 
theory 

Balance 
theory 

Collective 
action 
theory 

Cognitive 
theories 

Evolutionary 
theories 

 

Endogenous Influences on Network Structural  Tendencies 
Independent variable (& hypothesized 
theory) 

Hypotheses: this graph realization can occur 
where. . . 

 

 H1: . . . actors have a high degree of 
reciprocated (or mutual) communication ties. 

 This hypothesis would be supported if the 
probability of ties being present or absent in 
the network reflected actors’ tendencies to 
exhibit structural autonomy. 

 If there is a tendency for actors to abide by the 
theory of structural holes, 

o Actor A is less likely (shown with a 
negative sign) to have a tie with actor C, 
because it would be redundant with the 
indirect tie actor A has with actor C via 
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Independent variable (& hypothesized 
theory) 

Hypotheses: this graph realization can occur 
where. . . 

actor B.  
o There will be a greater tendency 

(represented with a positive sign) for 
actor A to have a tie with actor D, since 
this would represent a nonredundant 
tie. 

 

 H2: . . . triads of actors in the network exhibit a 
high degree of cyclicality. 

 This hypothesis would be supported if the 
probability of ties being present or absent in 
the network reflected actors’ tendencies to 
exhibit mutuality or reciprocity. 

 Social exchange theory would suggest… 
o A positive tendency for a tie from actor 

F to actor A, since it would reciprocate 
the tie from actor A to actor F.  

o A negative tendency for a tie from actor 
D to actor C, since it would not 
reciprocate a tie from actor C to actor 
D. 

 

 H3: . . . triads of actors in the network exhibit a 
high degree of transitivity 

 Hypotheses about cyclical behavior would be 
supported if there were greater probabilities for 
graph realizations in which triads of actors in 
the network exhibited a high degree of 
cyclicality. 

 Theories of balance would posit 
o A greater tendency for actor A to have a 

tie to actor C, because actor A has a tie 
to actor B and actor B has a tie with 
actor C. 

o Less tendency for a tie from actor A to 
actor E, because it does not complete a 
triad. 
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Independent variable (& hypothesized 
theory) 

Hypotheses: this graph realization can occur 
where. . . 

 

 H4: . . . the network has a high degree of 
outdegree centralization (4a) and prestige (or 
indegree) centralization (4b) 

 This hypothesis would be supported if the 
probability of ties being present or absent in 
the network reflected the network’s tendencies 
to exhibit a high degree of centralization. 

 Theories of collective action would suggest 
o Actor A has a greater tendency to forge 

a tie with actor E, since the tie enhances 
the relative centrality of actor E and 
thereby the overall network’s 
centralization. 
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Exogenous Influences on Network Structural Tendencies  
Independent variable (& hypothesized 
theory) 

Hypotheses: this graph realization can occur 
where. . . 

 

 H5: . . . actors in the network who belong to the 
same type of organization (i.e., government or 
industry) are more likely to have ties with one 
another. 

 These hypotheses would be supported if the 
probabilities of ties being present or absent in 
the network reflected actors’ tendencies to 
choose others with similar attributes. 

 Theories of homophily would posit 
o A greater tendency for a tie from actor 

A to actor C, since they both share a 
common attribute (both being from 
government) 

o A lower tendency for a tie from actor A 
to actor E, because they do not share a 
common attribute (actor F being from 
industry). 

 

 H6: . . . actors in the network who belong to the 
same type of organization (i.e., government or 
industry) are more likely to have mutual (or 
reciprocated) communication ties. 

 These hypotheses would be supported if the 
probability of ties being present or absent in 
the network reflected actors’ tendencies to 
reciprocate ties with other actors sharing 
similar attributes. 

 Theories of resource dependence would posit 
o A greater tendency for mutual ties 

between government actors A and B. 
o A lower tendency for mutuality between 

government actor A and industry actor 
F. 
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 H7: . . . actors in the network who belong to the 
same type of organization (i.e., government or 
industry) are more likely to be embedded in 
transitive ties with one another. 

 These hypotheses would be supported if the 
probability of ties being present or absent in 
the network reflected actors’ tendencies to 
engage in transitive or cyclical relations with 
other actors sharing similar attributes. 

 Theories of cognitive balance would posit 
o A greater tendency for a tie from actor 

A to actor C, since it completes a 
transitive triad among government 
actors. 

o A lower tendency for a tie from actor A 
to actor E, since it completes a triad 
that includes both government and 
industry actors. 

 

 H8: . . . actors in the network who belong to the 
same type of organization (i.e., government or 
industry) are more likely to have higher levels 
of subgroup (outdegree) centralization than the 
overall network’s centralization (8a) and higher 
levels of subgroup prestige (or indegree) 
centralization than the overall network’s 
prestige network centralization (8b). 

 These hypotheses would be supported if the 
probability of ties being present or absent in 
the network reflected actors’ tendencies to 
forge more centralized subgroup networks with 
other actors sharing similar attributes. 

 Theories of collective action would suggest 
o A greater tendency for a tie from actor 

A to fellow government actor C, since it 
would enhance the centralization 
within government actors. 

o A lower tendency for a tie from actor A 
to industry actor E, since it would 
enhance centralization between 
government and industry actors. 
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 Proposition: the presence or absence of a 
cognitive or semantic tie between these actors 
is associated with the presence or absence of a 
communication tie between the actors. 

 These hypotheses would be supported if the 
probability of ties being present or absent in 
the focal network reflected the presence or 
absence of ties in the exogenous networks. 

 Cognitive theories would suggest 
o A greater tendency for a friendship tie 

from actor A to actor B, because they 
communicate with one another. 

o A lower tendency for a friendship tie 
from actor C to actor D, because they 
do not communicate with one another. 

 

 Proposition: the higher the number of past 
alliances between two firms, the more likely 
they are to form new alliances with each other. 

 Hypotheses based on the influence of the same 
network at previous points in time would be 
supported if there were greater probabilities for 
graph realizations in which the actors’ ties in 
the focal network corresponded to their ties in 
the preceding networks. 

 Evolutionary theories would posit 
o A greater tendency for a future tie from 

actor A to actor B because of an existing 
tie from actor A to B. 

o A lower tendency for a future tie from 
actor A to actor D because of the lack of 
an existing tie from actor A to actor D. 

Empirical example: the CRADA network 
Sample 
 Based on a subset of data from a larger research project 

o Which examined the social and organizational issues surrounding the creation of 
“virtual work communities” (Fulk, Lu, Monge, & Contractor, 1997). 

 Subjects 
o The community under study was composed of representatives from three agencies of 

the U.S. Army and four private corporations, who forged a Cooperative Research and 
Development Agreement (CRADA). 

Data  
 The communication network in which…  

o Networking efforts occurred in the month prior to the signing of the CRADA 
agreement among the seventeen members representing the various private and 
government organizations. 
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o A tie was directed from a member in one organization to a member in the same or 
another organization if the member reported communication during the month of 
study. 

o A tie was dichotomous relationship (either present or absent). 

P* Statistical models for testing multi -theoretical, multilevel hypotheses  
 The hypotheses use the p* family of statistical models. 

 A general probability distribution for a sociomatrix X from a specification of which pairs of tie 
random variables are conditionally dependent, given the values of all other random variables.  

o Mathematical specification 

 
o Verbally described, a dependence graph D with node set N(D) with 𝑋𝑖𝑗 s and its 

corresponding edge set E(D) is assumed to be conditionally dependent, given the rest 
of X. 

o We can use D to obtain a model for Pr(X = x), denoted p*, in terms of parameters and 
substructures corresponding to cliques P of D. 

 
Test results 
 The p* family of models was used to simultaneously test the eight hypotheses. 

o Logistic regression to fit a series of nested models 

 Variables 
o Response variable: the presence or absence of a tie between each pair of actors 
o Explanatory variables: the changes in the hypothesized network statistic when that 

specific tie changed from a 1 to 0. 

 Test results 

 
o Columns 

 1st: the variables included in the model.  
 2nd: the number of parameters estimated in the model. 
 3rd: magnitude of deviance means “badness of fit measure”.  
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 4th: the mean of the absolute residuals across all 272 (17 times 16) ties also 
means “badness of fit measure”. 

 Interpretations 
o Model 1: base model to be compared 
o Model 2 

 A large decrease in the badness of fit value from Model 1 to Model 2. 
 Support for Hypothesis 1 in CRADA network 

o Model 3 and 4 
 A large decrease in the badness of fit value from Model 2 to Model 3 & 4. 
 Support for Hypothesis 2 and 3 in CRADA network 

o Model 5 
 A small decrease in the badness of fit value from Model 4 to Model 5. 
 This would suggest that individuals in the network did demonstrate some level 

of hierarchy: more transitivity than cyclicality. 

 For instance, if actor A went to actor B and actor B went to actor C, 
there was a greater tendency for actor A to also seek communication 
with actor C (transitivity), rather than for actor C to seek actor A 
(cyclicality). 

o Model 6 
 A large decrease in the badness of fit value from Model 4 to Model 6. 
 Support for Hypothesis 5 in CRADA network 

o Model 7 
 A small decrease in the badness of fit value from Model 6 to Model 7. 
 Does not support for Hypothesis 6 in CRADA network 

o Model 8 
 A small decrease in the badness of fit value from Model 6 to Model 8. 
 Does not support for Hypothesis 7 in CRADA network 

o Model 9 
 A large decrease in the badness of fit value from Model 6 to Model 9. 
 Support for Hypothesis 4 in CRADA network 

o Model 10 
 A large decrease in the badness of fit value from Model 9 to Model 10. 
 Support for Hypothesis 8 in CRADA network 

Best-fitting model 
 Combining the significant parameters for the best-Fitting model 
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 1st column: the variables included in Model 
10. 

 2nd: the parameter estimate for the 
corresponding explanatory variable. 

o A large positive value: the presence of 
the associated network structural 
component 

o A large negative value: its absence. 
o One can also interpret the 

parameters in terms of log odds. 
Thus, for a unit increase in the 
explanatory variable, the odds ratio 
that the response equals 1 (i.e., a tie is 
present) changes by a factor of 
exp(𝜃1). 

 3rd: Wald statistic, which is defined as the 
{(parameter estimate)/Standard 
Error(parameter estimate)}. It should be 
noted that the pseudo-likelihood estimates 
of the standard errors used to compute the 
Wald Statistic are approximate. 

 4th: the extent to which each variable 
contributes to a change in the odds ratio of a 
tie being present. 

 

 Interpretations  
o Hypothesis 1 

 The mutuality parameter is 2.11 
 4th column: if there is a tie from actor B to actor A, the odds of a mutually 

reciprocated tie from actor A to actor B will increase by a factor of exp(2.11), 
which is 8.25.  

o Hypothesis 2 
 If actor A is connected to actor C and actor C is connected to actor B, the odds 

of a tie from actor A to actor B (which would complete a transitive triad) 
increases by a modest factor of 1.30.  

o Hypothesis 3 

 If actor A and actor B both represent the same organization, the likelihood of a 
communication tie between them increases by a factor of exp(2.48), which is 
11.94.  

o Hypothesis 8 

 Since the parameter for centralization within a shared attribute (i.e., 
organization type) is -5.50, the odds of a tie that contributes to a more 
centralized network among government or industry organizations are 
substantially decreased by a factor of exp(-5.50), which is 0.004. This is a 
strong effect, albeit not in the direction hypothesized. 
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 Despite the substantial improvement of fit in Model 10, the negative coefficient 
associated with this variable indicates a significant effect in the direction 
opposite that proposed by Hypothesis 8. 

 Substantive implications 
o There were structural tendencies in the CRADA network to … 

 reciprocate communication ties (Hypothesis 1) 
 engage in transitive communication triads (Hypothesis 2) 
 foster a centralized overall network (Hypothesis 4) 
 communicate more with individuals in organizations of their own type, be it 

government or industry (Hypothesis 5) 
 eschew centralization within the network comprising members of their own 

organizational type (contrary to Hypothesis 8) 
o The remaining three hypotheses were not supported. 

 Methodological implications 
o This empirical example offers a modest illustration of how the framework for testing 

multitheoretical, multilevel hypotheses can be used to explain the emergence of an 
interorganizational network. 

o Specifically, Model 10 nested variables at the dyadic, triadic, and global levels that 
were simultaneously estimated. 

 
 

 
 


