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Abstract

The paper synthesizes our research into methods for forecasting breaks. Success requires that:
breaks are predictable from relevant information available at the forecast origin; we have a forecast-
ing model which embodies such information, almost certainly in a non-linear form, with a method-
ology for selecting that model; the resulting forecasts are usefully accurate with accurately measured
forecast-error uncertainty; with estimates of the future impact of the break during its progress. Thus,
we draw on a range of other papers which address these problems and the sub-problems within each.
We distinguish two separate information sets, discuss the application of automatic model selection to
non-linear models, and apply our approach to the much-studied example of UK M1.

Given such demanding requirements, a failure to accurately forecast breaks is likely, so ‘in-
surance’ policies are essential: in separate papers, we augment our strategy by considering robust
forecasting devices, including model transformations, improved intercept corrections, and pooling of
forecasts.

JEL classi�cations : C1, C53.

1 Introduction

Building on the earlier tradition of ‘error correction’ in Phillips (1954), Sargan (1964), and Davidson,
Hendry, Srba and Yeo (1978), the cointegration revolution sparked by Granger (1981) and Engle and
Granger (1987) has greatly improved the econometric modelling of integrated time series: see e.g.,
Hendry (2004), Hendry and Juselius (2000, 2001). By imposing convergence to equilibrium trajectories
based on long-run economic analysis, many new empirical economic insights were also gained.

However, that very strength of cointegration when modelling proved its Achilles heel in forecasting,
namely a susceptibility to systematic forecast failure from returning to an equilibrium built into the
model, even after the data means had shifted: see Clements and Hendry (1998, 1999). Ex post, such
locations shifts are relatively easily detected and modelled; but ex ante, problems abounded. Possible
solutions included the well-know technique of intercept correction, and differencing the equilibrium-
correction system (see Hendry, 2006a), both being ‘robust’ solutions to past modeled location shifts.

This paper considers methods for forecasting such structural breaks, synthesizing a number of inter-
related research avenues by the authors. Given the likely failure to accurately forecast breaks, we also
consider estimating the impacts of breaks during their progress, and employing robust forecasting strate-
gies when breaks are incorrectly predicted. In earlier research, we have established the classes of struc-
tural breaks that are pernicious for forecasting with cointegrated systems, allowing us to focus on location

�Financial support from the UK Economic and Social Research Council under grant RES-062-23-0061 and award PTA-
030-2003-00904 (Fawcett) is gratefully acknowledged. We are grateful to J. James Reade for helpful comments on earlier
drafts.
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shifts that would induce forecast failure if modeled: see Clements and Hendry (2002, 2006). Success at
forecasting a break requires that:
(1) the break is predictable;
(2) there is information relevant to that predictability;
(3) such information is available at the forecast origin;
(4) the forecasting model embodies that information;
(5) there is an operational method for selecting that model;
(6) the resulting forecasts are usefully accurate;
(7) and forecast-error uncertainty is accurately measured.

Even when the initial onset of a break was not forecast, because the �nal effect will generally differ
from its impact in dynamic processes, we also investigate:
(8) methods for estimating the outcomes of breaks during their progress.

Further, since some breaks involving location shifts may well be unpredictable, it remains important
to also have forecasting strategies that are robust ex post when breaks were incorrectly predicted. Con-
sequently, we note the three main ‘insurance’ approaches:
(9) pooling of forecasts;
(10) robustify forecasting devices by model transformations; and
(11) improving intercept corrections.
We brie�y consider each of (1)�(11) to explain our approach, then turn to a substantive discussion below.
However, we will not discuss new aspects of (7) and (9)�(11) h ere, beyond brie�y discussing robust
forecasting devices and the ‘insurance’ role they can play, given the substantive probability of incorrect
forecasts of breaks.

The structure of the paper is as follows. This section summarizes our approach to the predictability
of breaks, based on (1)�(11). Section 2 reviews the aspects o f predictability and forecastability central
to our synthesis and considers partitioning information into two sets: (A) relevant to the ‘normal causal
process’, and (B) relevant to predicting location shifts. The implications of this dichotomy are explored in
section 3, and form the basis for the synthesis. Section 4 investigates forecast accuracy following a break
that alters collinearity, and demonstrates the advantages of updating parameter estimates in that setting.
Sections 5, 6 and 7 draw on recent research into impulse saturation procedures, testing for non-linearity,
and the formulation and modelling of non-linear relationships as three key steps towards models that
might forecast breaks, using Autometrics (Doornik, 2007). Section 8 analyzes the relative performance
of intercept corrections, differencing and estimating the break-adjustment function in a simple setting,
relevant to the empirical illustration in section 9 of forecasting during a break. Section 10 concludes.

1.1 The predictability of breaks

‘Forecasting of hazardous volcanic phenomena is becoming more quantitative and based
on understanding of the physics of the causative processes. Forecasting is evolving from
empirical pattern recognition to forecasting based on models of the underlying dynamics.
The coupling of highly non-linear and complex kinetic and dynamic processes leads to a
rich range of behaviours. Due to intrinsic uncertainties and the complexity of non-linear
systems, precise prediction is usually not achievable. Forecasts of eruptions and hazards
need to be expressed in probabilistic terms that take account of uncertainties.’ Sparks (2003)

Unpredictability and the role of information were analyzed in Clements and Hendry (2005). Our
new formulation distinguishes two information sets, which potentially might be very different. The �rst
information set derives from economics, and re�ects the reg ular forces of agents’ behavior. For example,
and the case we investigate empirically below, money demand depends on current and lagged values
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of prices, incomes, and the opportunity costs of holding money versus other alternatives. The other
information set could be from politics, law, �nancial innov ation or technology, and re�ects the causes of
sudden shifts. As an example, the Banking Act of 1984, which legalized interest-bearing sight deposits,
radically shifted the opportunity costs of holding money and altered demand relative to the prevailing
information. Section 2 shows that it is helpful analytically to distinguish these sets.

However, we make no claim that information to predict breaks will actually exist in any given in-
stance, nor that it will be known ex ante. Rather, it is crucial to model both information sets if the latter
exists, which may require using much wider information than entailed by a ‘conventional’ economic
analysis of agents’ behavior. A classic example is that one set of forces may lead to the outbreak of a
civil war (say), yet very different factors facilitate its continuation: see e.g., Collier and Hoef�er (2007).

1.2 Relevant information

Location shifts are the most pernicious form of breaks as they induce non-stationarity and systematic
forecast failure. The theory behind this claim is established in Clements and Hendry (1998, 2006), and
con�rmed by the taxonomy of 1-step forecast errors. Forecas t failure remains common�and systematic�
as �gure 1 shows for a model estimated pre-1984: this failure will be the focus of the empirical illustra-
tion in section 9. Fortunately, and perhaps somewhat surprisingly, other (mean-zero) breaks are of less
relevance for forecast failure (see Hendry, 2000). Thus, the crucial information will be that relevant to
forecasting location shifts, or relevant to forecasting their ongoing effects after such shifts occur.
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Figure 1: Outcomes for M1 with forecast uncertainty

1.3 Available information

There are several possibilities of information that might be helpful for forecasting breaks. ‘Leading
indicators’ are perhaps the most natural candidate, and although their historical record is unimpressive
(when regarded as the �rst information set), they may be more useful as ‘break predictors’ (i.e., as part
of the second information set).

Higher-frequency data should also help. However, a forecast-error taxonomy for time disaggregation
shows that doing so does not reduce the impacts of breaks on forecasts (see Castle and Hendry, 2008),
although it should help in detecting breaks earlier than from a time-aggregated process, and thereby
facilitate faster adaptation following a break.

More generally, monitoring a wide set of sources of information about potential changes beyond the
usual economic forces may be required.
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1.4 Forecasting models

Assuming there is available relevant information, an appropriate model form, either for forecasting loca-
tion shifts or tracking them after their occurrence, will generally entail a non-linear reaction. Castle and
Hendry (2006) propose a test for non-linearity using a low-dimensional, orthogonalized-representation
of polynomial functions, with power against up to quintics and inverses thereof. Their test only needs
2n functions of n linear regressors, and provides a basis for a general-to-speci�c ( Gets) approach, as the
linear model is embedded in a non-linear general model. Following rejection at a tight signi�cance level,
it is then known that the model is not linear, so identi�catio n issues that might otherwise be problematic
are avoided: see section 6.

1.5 Selecting non-linear models

Assuming such a test, or an equivalent, rejects the null of linearity, then the next stage is non-linear model
selection. Here one confronts many sub-problems, which we address in the context of a Gets strategy:
(A) specifying the general form of non-linearity;
(B) collinearity between and within linear and non-linear functions;
(C) non-normality, since non-linear functions might adventitiously capture outliers;
(D) excess numbers of irrelevant variables when general polynomials are used;
(E) potentially more variables than observations when n is already large;
(F) biases induced by selecting conditional on in-sample signi�cance.

We propose solutions to all six sub-problems as follows:
(A) initially specify general cubic polynomial functions, followed by encompassing tests against speci�c
(say ‘ogive’) forms: x7;
(B) double demean (i.e., demean both the linear terms and all non-linear transformations thereof) to
remove one of the key collinearities;
(C) remove outliers by impulse saturation: x5);
(D) adopt a super-conservative Gets strategy, such that the signi�cance level � set for M total variables
ensures ��M ’ k irrelevant variables will be retained by chance on average, for small k (e.g., 1);
(E) use a multi-stage ‘combinatorial selection’;
(F) bias correct the selected parameter estimates, which also down weights the estimated parameters of
adventitiously-selected irrelevant variables.
An automatic algorithm to implement all these steps is proposed in Castle and Hendry (2005), who also
address (A) and (B); Hendry, Johansen and Santos (2008) analyze (C); (E) and (F) are described in
Hendry and Krolzig (2005). Finally, (C) and (E) are implemented in Autometrics (see Doornik, 2007).

1.6 Forecast accuracy

Even if a location shift was predictable, by available information, embodied in a well-selected non-linear
model, problems remain, as follows:
a] location shifts alter collinearities between variables;
b] despite the resulting increase in the information content of data, there is an adverse impact on mean
square forecast errors (MSFEs) when collinearity changes;
c] this impact is unavoidable, and deleting collinear variables does not help unless they are essentially
irrelevant;
d] hence immediate estimation updating can be valuable.

The results in a]�c] are established in Clements and Hendry ( 2005). Following an unpredicted break,
section 4 shows that rapid information updates at the forecast origin can dramatically reduce one aspect
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of forecast uncertainty, addressing d].

1.7 Accurate forecast-error uncertainty measures

While forecasting the effects of breaks in terms of central tendencies is already dif�cult, useful ex ante
forecast-error uncertainty measures are even harder. However, the type of approach in (e.g.) Pesaran,
Pettenuzzo and Timmermann (2006) offers possibilities, perhaps modi�ed when a break is actually pre-
dicted.

1.8 Forecasting during break transitions

The full impact of a location shift takes time to happen in dynamic systems, and during the transition,
increasingly accurate estimates of the �nal outcome should be possible. Section 8 analyzes, and the M1
example in section 9 estimates, that situation.

1.9 Pooling of forecasts

Robust forecasting devices are needed as part of an ‘insurance’ policy after a break to mitigate system-
atic failure: see Clements and Hendry (1999). Three standard practices are pooling, differencing, and
intercept corrections, so we note these in turn.

Hendry and Clements (2004) and Hendry and Reade (2006) consider forecasting using model av-
eraging when there are structural breaks, and Hendry and Reade (2004) discuss a variety of problems
arising when averaging. ‘Model averaging’ can go seriously wrong when applied across ‘too large’ a set
of models, but can be improved by model selection: see Reade (2007).

1.10 Model transformations

Hendry (2006b) proposes an explanation of the forecasting success of so called ‘naive’ devices, and
derives a hybrid that transforms a vector equilibrium-correction system to robustify forecasts against
past breaks yet retain the causal information embodied in cointegration relationships. The approach is
also applied to forecast UK M1 after 1984, and performs well even in the absence of knowledge of the
causes of the break.

1.11 Improved intercept corrections

Hendry and Santos (2005) consider ‘setting the model on track’ at the forecast origin, while Reade (2007)
investigates smoothing recent corrections. Section 9 illustrates an intercept-correction approach.

2 Unpredictability

A non-degenerate random variable �t is unpredictable with respect to an information set Jt�1 over a
time interval T if:

D�t (�t j Jt�1) = D�t (�t) 8t 2 T : (1)

Unpredictability is a property of �t in relation to Jt�1 intrinsic to �t, where T may be a singleton, ftg.
We take Et [�t] = 0 8t.

Consequently, predictability requires combinations of �t with Jt�1 as in:

yt = �t (Jt�1;�t) : (2)
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From (2), yt depends on both the information set and the innovation process, so:

Dyt (yt j Jt�1) 6= Dyt (yt) 8t 2 T : (3)

The most common special case of (2) is:

yt = ht (Jt�1) + ut where ut = �t �’t (Jt�1) (4)

and � denotes element by element multiplication, so ui;t = �i;t’i;t (Jt�1). Then, yt in (4) is predictable
even if �t is not, as in general:

Et [yt j Jt�1] = ht (Jt�1) 6= Et [yt] :

Care is required in de�ning all expectations to re�ect the pr obability distribution integrated over
(denoted ft (yt) below), the timing of the expectation (e.g., t) and the available information that is con-
ditioned on, including its timing (e.g., J t�1). For example:

ET+1 [yT+1 j JT ] =

Z
yT+1fT+1 (yT+1 j JT ) dyT+1: (5)

As the available information changes, the conditional distribution alters, leading to a different expecta-
tional function. Forecasting yT+1 from a forecast origin at T by (5) would require a ‘crystal ball’ to know
the complete future distribution fT+1(yT+1jJT ). Given the de�nition of J , conditioning on J T+1 is
infeasible. However, there may be information that could explain some of the changes from fT (�) to
fT+1 (�): we denote that by K, and let the universal set at T be IT = (JT ;KT ). To understand changes
in hT+1 (�) and their relation to IT , we need to deconstruct (4), and do so for the special case of constant
conditional variance, ’t (Jt�1) = ’.

3 Two information sets

We have distinguished two information sets determining changes in yT+1:
(A) JT : the information set which enters hT+1 (JT ).
(B) KT : the information set explaining shifts in hT+1 (�) 6= hT (�).

The former are the standard economic forces: (e.g.), for money demand, hT+1 (JT ) depends on
incomes, prices, interest rates and lags thereof. In an important sense, ‘conventional econometrics’ con-
cerns ET+1 [yT+1jJT ] = hT+1 (JT ). Such a formulation takes hT+1 (�) as given, usually deterministic,
and often constant.

Changes in KT shift the relationship: (e.g.) legislation, �nancial inno vation, technological change,
policy regime switches. Thus, a shift in hT+1 alters money demand at the same levels of incomes, prices,
and interest rates. To forecast yT+1, one must successfully utilize both.

To highlight the distinction, consider a scalar, linear, but non-constant, version of (4):

yt = �0
txt�1 + �t with �t � IN

�
0; �2

�

�
;

where Jt�1 = � (Yt�1;Xt�1), the sigma-�eld generated by the history of the processes, w hen Zt�1 =
(zt�1 : : : z0) generically denotes the history of a variable zt. Conventionally:

Et [yt j xt�1] = Et

�
�0

txt�1 + �t j xt�1

�
= �0

txt�1:

However, that statement requires �t to be given independently of xt�1, as seems natural (a parameter
should not depend on the data �-�eld), but also treats �t as deterministic. As our aim is to forecast yt,
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a forecast of �t is required, so we postulate a second separate information set Kt = � (Wt) to explain
such shifts where (e.g.):

�t = �0 + �wt with wt � D [0;
w]

so that:
Et [�t j wt] = �0 + �wt:

We envisage that wt is dominated by a step function, which is constant at zero for long periods then
suddenly shifts. Conditional on wt:

Et [yt j xt�1;wt] = Et

�
�0

txt�1 + �t j xt�1;wt

�
= �0

0xt�1 + �wtxt�1: (6)

Thus, (6) delivers a conventional, constant-parameter linear regression when wt = 0, but when wt shifts,
forecast failure would occur. To avoid that failure would require knowing or predicting the change in wt.

More generally, we allow hT+1(�) to change with KT+1, and write the dependence on KT+1 as:

ET+1

�
hT+1 (JT ) j J T ;KT+1

�
= h0 (JT ) + h1 (KT+1) (7)

where the second term is generally zero, such that:

ET+1

�
yT+1j J T ;KT+1

�
= ET+1

�
hT+1 (JT ) j J T ;KT+1

�
= h0 (JT ) + h1 (KT+1) :

However, at T , an investigator only knowing J T ;KT would anticipate:

ET [yT+1j J T ;KT ] = ET [hT+1 (JT ) j J T ;KT ] = h0 (JT ) + ET [h1 (KT+1) j KT ] :

If a location shift is unpredictable from lagged values alone, so ET [h1 (KT+1) jKT ] = 0, there will be
no perceptible difference from the information set which enters hT+1 (JT ).

3.1 Predicting breaks

Consequently, predicting breaks requires: the existence of KT+1; knowledge of the elements in KT+1;
observing, or accurately forecasting, KT+1 at time T ; knowledge of how KT+1 shifts hT+1 (�); a model
that embodies such knowledge before T ; accurately estimated parameters prior to the break; or less
demanding, during the shift. Figure 2 illustrates the role of each information set in driving the data
generating process, and the forecast model, highlighting one source of forecast errors. The practical
dif�culties predicting breaks are obviously immense; but t he potential bene�ts suggest an attempt at a
formalization.

4 Forecast accuracy following a break

Even if a location shift were predictable using all available information embodied in a well-selected non-
linear model, there are still problems when forecasting. Structural breaks alter the collinearities between
variables, and so despite there being a large increase in the information content of the data due to the
shift, there is an adverse impact on MSFE due to the changes in collinearity. This is unavoidable, as
deleting collinear variables does not mitigate the problem, unless the variables are irrelevant or nearly
so. Hence, despite knowing the DGP model and predicting the location shift, updating is crucial to
mitigate the impact of changing collinearity.

Consider a constant-parameter DGP with conditional regression model:

yt = �0zt + �t where �t � IN
�
0; �2

�

�
(8)
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Figure 2: The role of information sets in the data generating process and forecast model

and marginal process:
zt � INn [0;�] (9)

independently of f�tg where � = H0�H where H0H = In in-sample. Allowing for the post-sample
change that:

E
�
zT+1z0

T+1

�
= �� = H0��H;

the 1-step ahead MSFE for known regressors after estimating (8) over the full sample as:

b�(1;T ) =

 
TX

t=1

ztz
0
t

!�1 TX

t=1

ztyt ’ (T�)�1
TX

t=1

ztyt (10)

with:
V

h
b�(T )

i
’ T�1�2

� ��1;

using

byT+hjT+h�1 = b�0

(1;T )zT+h (11)

where b�T+1jT = yT+1 � byT+1jT is:

E

h
b�2T+1jT

i
= �2

�

�
1 + T�1

E
�
z0

T+1��1zT+1

��
= �2

�

 
1 +

1

T

nX

i=1

��
i

�i

!
: (12)

The increase in uncertainty depends on smallest eigenvalue ratio, ��
n=�n, which can be very large. If

there is no shift, so ��
i = �i 8i, then (12) reduces to the conventional �2

� (1 + n=T ), but for T = 50,
�n = 0:0001 and ��

n = 0:05 (say) then ��
n=T�n = 10, inducing a huge increase in MSFE.

One period later, after estimation updating:

e�(1;T+1) =

 
1

T + 1

T+1X

t=1

ztz
0
t

!�1
1

T + 1

T+1X

t=1

ztyt ’ (T� + ��)�1
T+1X

t=1

ztyt; (13)
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with:
V

h
e�(1;T+1)

i
’ �2

� (T� + ��)�1 = �2
� H0 (T� + ��)�1

H;

then:

E

h
e�2T+2jT+1

i
= �2

�

�
1 + tr

n
H0 (T� + ��)�1

HE
�
zT+2z0

T+2

�o�

= �2
�

 
1 +

nX

i=1

��
i

T�i + ��
i

!
: (14)

The reduction in uncertainty depends most on the change in the smallest eigenvalue ratio. If b�(1;T )

is retained, then (12) would continue to hold as ��
n= ([T + 1]�n), as against ��

n= (T�n + ��
n) in (14).

For T = 50, �n = 0:0001 and ��
n = 0:05, the former is 0:05= (51� 0:0001) = 9:8, and the latter

0:05= (0:05 + 0:05) = 0:5, leading to a dramatic reduction of the estimation contribution.
Similarly, we can obtain the impact on rolling-window estimators ��(k;T ):

E

h
��2T+1jT

i
= �2

�

 
1 +

nX

i=1

��
i

(T � k + 1)�i

!
(15)

which must be worse than (12). However at T + 1 using e�(k+1;T+1), so some of the break period is
in-sample:

E

h
��2T+2jT+1

i
= �2

�

 
1 +

nX

i=1

��
i

(T � k + 1)�i + ��
i

!
: (16)

These impacts of a change in collinearity at the forecast origin were assessed in a Monte Carlo ex-
periment based on (8) in which zt consists of an intercept and two white-noise processes. The parameter
values are �0 = �1 = �2 = 0:1 and T = 50, with the forecast horizon h = 10. We consider changes
in � at time T from � to ��. 1-step forecasts are computed for T + 1 to T + h, for known regressors,
and MSFEs are recorded for each forecast horizon. The forecasts considered include forecasts from
(11) based on in-sample parameter estimates (10); forecasts eyT+hjT+h�1 = e�0

(1;T+h�1)zT+h based on
updating parameter estimates using the available sample:

e�(1;T+h�1) =

 
T+h�1X

t=1

ztz
0
t

!�1 T+h�1X

t=1

ztyt (17)

and forecasts yT+hjT+h�1 = �
0
(k+h�1;T+h�1)zT+h based on rolling parameter estimates:

�(k+h�1;T+h�1) =

 
T+h�1X

t=k+h

ztz
0
t

!�1 T+h�1X

t=k+h

ztyt (18)

where k = 10; 25.
Figure 3 records the results for various � and �� reported in table 1. When the smallest eigenvalue

ratio is small, there is little impact on the estimation contribution (see panels a and b), but short rolling
windows are detrimental. When the smallest eigenvalue ratio is larger, recursive estimation yields a
greater improvement over the in-sample estimation, and rolling estimation does reasonably well some
time after the break: see panel c. For a large eigenvalue ratio, panel d, the impact of changing collinear-
ity is evident. After 2 steps, all updating methods are preferable to the forecasts based on in-sample
estimates. Rapid updating is required to capture both the location shift and the change in collinearity
between variables caused by the location shift.
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Panel � �� Smallest � ratio

a

�
1 0:1

0:1 1

� �
1 0:9

0:9 1

�
0.000

b

�
1 0:001

0:001 1

� �
1 0:99

0:99 1

�
0.002

c

�
1 0:9

0:9 1

� �
1 0:1

0:1 1

�
0.153

d

�
1 0:99

0:99 1

� �
1 0:001

0:001 1

�
0.67

Table 1: �, �� and smallest eigenvalue ratio for Monte Carlo experiments in �gure 3.
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Figure 3: Impact of breaks in collinearity

Model mis-speci�cation exacerbates the changing collinea rity problem. Partition zt =
�
z0
1;t : z0

2;t

�
,

where n1 + n2 = n with �0 =
�
�0

1 : �0
2

�
, and the z0

i;t are mutually orthogonal as the ‘best case’. The
forecast is:

yT+1jT = z0
1;T+1�1; (19)

with unconditional MSFE:

E

h
�2T+1jT

i
= �2

�

 
1 +

n1X

i=1

��
i

T�i

!
+ �0

2��
22�2: (20)

This trade-off is key to forecast-model selection. Since �0
2��

22�2 =
Pn

i=n1+1 �
2
i �i, de�ning the non-
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centrality of the squared t-test of H0: �j = 0 by:

�2
�j
’
T�2

j�j

�2
�

(21)

the unconditional MSFE is (see Clements and Hendry, 2005):

E

h
�2T+1jT

i
’ E

h
b�2T+1jT

i
+
�2

�

T

nX

j=n1+1

�
�2

�j
� 1
� ��

j

�j
: (22)

Four conclusions follow from this analysis of changing collinearity when using mis-speci�ed models.

First, one minimizes E

h
�2T+1jT

i
by eliminating all regressors where �2

�j
< 1. Secondly E

h
�2T+1jT

i
is

possibly smaller than the MSFE of the estimated DGP equation. Thirdly, one cannot forecast better
simply by dropping collinear variables if they are relevant with �2

�j
> 1. Fourthly, updating only reduces

the �rst term in (20), so the mis-speci�cation component inc reases relatively. Hence it is especially
valuable to correctly eliminate or retain variables when ��

n=�n is large.

5 Impulse saturation tests

Near normality is an essential requirement for non-linear model selection. Problems arise when extreme
observations result in fat-tailed distributions, as there is an increased probability that non-linear func-
tions will align with extreme observations, effectively acting as indicators and therefore being retained
too often. For modelling this is not too problematic, as the representations are clearly similar, but for
forecasting can differ markedly. This can be demonstrated by considering a simple case in which an
outlier is modelled as an indicator variable, Ift=sg, which takes the value 1 in period s and 0 otherwise.
Consider a regression between two unconnected variables:

yt = �xt + �Ift=sg + ut (23)

xt = 
Ift=sg + vt; (24)

where � = 0. If the indicator is omitted from the model, so yt = �xt +ut, the estimated coef�cient b� is:

b� =

P
xtytP
x2

t

=
�

P
I2

ft=sg +
P

(�vt + 
ut) Ift=sg +
P
vtut


2
P
I2

ft=sg + 2

P
vtIft=sg +

P
v2

t

=
�
 + (�vs + 
us) +

P
vtut


2 + 2
vs +
P
v2

t

(25)

as
P
I2

ft=sg = 1. Also:

V

h
b�
i

=
b�2

uP
x2

t

(26)

and:

tb� =
b�
pP

x2
t

b�u
=

P
xtyt

b�u

pP
x2

t

: (27)

Hence, if we approximate by vs = us = 0, b�u = 1, 
=b�v = 1 and
P
vtut ’ 0:

t
2b� ’ �2
2


2 + T
: (28)
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To illustrate this phenomenon, suppose � = 6; 
 = 5; and T = 100. Then:

t
2b� ’ 62 � 52

52 + 100
= 7:2: (29)

Outliers need to be quite large for this effect, but that is plausible when considering non-linear transfor-
mations.

An innovative solution to the problem of outliers is proposed by Hendry et al. (2008) in the form
of indicator saturation. This technique will pick up breaks at the forecast origin and will also remove
earlier breaks. The test of non-constancy is conducted by adding a complete set of impulse indicators�

1ftg; t = 1; : : : ; T
	

to the model. This is infeasible if the complete set is included in one batch, but
instead the procedure has three stages. First, half the indicators are added, all signi�cant indicators are
recorded and the indicators dropped. The second half is then examined and �nally, the two retained sets
of indicators are combined. Hendry et al. (2008) derive the null distribution of the estimated mean in a
location-scale IID model, xj � IID[�; �2

� ], after adding
�

1ftg

	
:

T 1=2 (e�� �)! N
�
0; �2

��
2
�

�
; (30)

where �2
� measures the impact of truncating the residuals. The average null retention rate is �T , at

signi�cance level �, so for � = 0:01 only 0:01T indicators will be retained. Furthermore, alternative
splits, such as T=3, T=4, do not affect the null retention rate. The properties under the alternative are
being investigated, but initial results suggest the test has power to detect outliers, and breaks in mean and
variance.

There is an important difference between outlier detection and impulse saturation which is illustrated
by Hendry and Reade (2008). Their DGP is a white-noise process with a large break in the mean at
0:75T . Fitting an intercept to this process leaves no standardized residuals outside the �2� bands, so no
outliers would be detected. Applying impulse saturation detects the break, so a step shift could then be
included. One other indicator is retained, matching the theory (under the null about 2 indicators should
be retained by chance).

6 Testing for non-linearity

An essential component of congruency concerns the validity of the functional form. Often a linear
model is postulated, yet many economic processes may be non-linear. A test of non-linearity is required
to evaluate whether a linear approximation is suf�cient, or whether a non-linear model must be utilized.
Castle and Hendry (2006) develop a test for use in a general-to-speci�c framework.

They transform the linear regressors fztg by the eigenvectors of their data second-moment matrix,
and compute up to cubics of the resulting n variables, fwtg, where ui;t = w2

i;t and vi;t = w3
i;t. For

�xed regressors zt, the test is an exact F-test with 2n degrees of freedom as there are n elements in wt,
so is correctly sized under the null, and has power against departures from linearity in many directions,
including asymmetry or skewness. This test is an alternative to the functional-form, or heteroskedasticity,
test in White (1980), but reduces the dimensionality of the test from n(n + 1) (1 + (2n + 1)=3) =2 to
2n, avoids potential high collinearity between functions of fztg, yet tests for departures in up to the third
derivative.

When the functional form and the set of relevant variables are both unknown, but nest the local DGP,
the proposed non-linearity test has power to reject a false null even for collinear fztg and when there
are more non-linear variables than observations, so it can be used in situations where other non-linearity
tests are infeasible.
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