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Abstract

The statistical properties of covariate density defined, (CDD) mixtures of
logistic regressions as a method of controlling for heterogeneity in infant
mortality are explored. Unlike finite mixtures of logistic regressions, the CDD
approach is usually identified and is probably generalizable to most regression
like procedures. CDD mixtures use the marginal density of a covariate (birth
weight in this case) to assign probabalistic (latent) group membership to separate
logistic probabilities. The procedure appears to be unbiased, and consistent. A
procedure for estimating power is presented. The method identifies significant
heterogeneity, which influences birth weight specific infant mortality, and is
consistent across populations. This heterogeneity is the proximate cause of the
“pediatric paradox”, i.e. the finding that low birth weight African American
infants have lower infant mortality then European American infants. All of the
“paradox” occurs in one subpopulation. Applications with additional covariates

could identify the ultimate causes of this heterogeneity.



Introduction

Finite mixture models are increasingly used as a cluster analysis technique
with the results interpreted as heterogeneous subpopulations within a larger
population, e.g. the effects of sex or age etc (McLachlan and Peel 2000). Such
interpretations are clearly relevant when the existence of subpopulations and the
number of subpopulations are known a priori, e.g. sex in a heterosexual
population. However, finite mixture models have also been used to infer the
existence of subpopulations, which are not known a priori. For example Pearson
(1894) in the earliest application of a two-component finite Gaussian mixture
model argued that crabs from the Bay of Naples might consist of two subspecies.
This interpretation of finite mixture models, particularly where the existence of
subpopulations are not known a priori, suggests that finite mixture models might
provide a useful method of statistically controlling for otherwise unobserved or
unobservable heterogeneity in the context of various types of regression.
However, finite mixtures of general linear models are not typically specified
using a covariate density defined finite mixture submodel of this type.

Finite mixtures of general linear models are traditionally specified
assuming that the subpopulation structure is unknown and that support for the
subpopulation structure is obtained from the dependent variable alone
(McLachlan and Peel 2000; Wang 1994). Typically these models are defined as
the sum of several component-specific regressions weighted by an unknown
mixing proportion, sometimes with the mixing proportion varying as a function
of covariates. These same covariates may also be incorporated in the component
specific regressions. Nevertheless, support for the mixing proportion is derived
from the dependent variable, not the covariate. Mixtures of Poisson regressions,
and mixtures of logistic regressions, have been explored (McLachlan and Peel
2000; Wang 1994; Wang et al. 1996). Of these models, only mixtures of Poisson

regressions are currently applied in the social sciences, e.g. (Land 2001).



Mixtures of Poisson regressions depend upon the repeated nature of the
dependent variable (counts) for identification (Wang 1994). However, mixtures
of logistic regressions require binomial experiments often with may repetitions
for identification, particularly if there are covariates (McLachlan and Peel 2000;
Wang 1994). Since experimental data are seldom available in the social sciences,
it is unlikely that finite mixtures of logistic regressions are widely applicable.

This paper explores the statistical properties of a mixture of logistic
regressions, where the mixing of the logistic regressions is given by a finite
Gaussian mixture model of a continuous variable, which in the case of logistic
regression must be an independent variable. This differs from the general
definition of finite mixtures of logistic regressions in that the mixing parameter is
no longer an unknown characterized by the dependent variable of the logistic
regressions. The mixing of the logistic regressions is instead defined by a finite
Gaussian mixture model, which is the marginal distribution (density) of a
continuous variable or vector of variables. These same variables may also appear
in the regression terms of the model as conventional covariates. We call this a
Covariate Density Defined (CDD) finite mixture of logistic regressions. The
advantage of the CDD methodology for mixtures of logistic regressions is that it
can be applied to Bernoulli observations, that is binomial experiments are not
required for the model to be identified. The CDD finite mixtures approach is
probably applicable to all densities encountered with GLMSs, as well as, life
history models, wherever a continuous variable’s density can be profitably
described by a multi-component finite mixture model. CDD finite mixtures of
GLMs could be used, for example, to determine the characteristic differences
between the two “subspecies” of crab implied by Pearson’s (1894) original
application of Gaussian mixture models.

Here the method is applied to the study of the relationship between
human birth weight and infant mortality. The fact that birth weight and

gestational age distributions are consistently skewed is often interpreted as



evidence that birth cohorts are composed of several heterogeneous
subpopulations (Brimblecombe, Ashford and Fryer 1968; Fryer, Hunt and
Simons 1984; Karn and Penrose 1951; Wilcox and Russell 1983b). This view is
supported statistically by applications of two component finite Gaussian mixture
models (Fryer et al. 1984; Gage and Therriault 1998) and mixtures of a Gaussian
with one or two non-parametric distributions (Umbach and Wilcox 1996; Wilcox
and Russell 1983b) to describe human birth weight distributions. Finite Gaussian
mixture models have also been applied to gestational age (Gage 2000) with
similar results to those obtained with birth weight. Finally, Gage and others
(Gage 2002a; Gage et al. 2004) have applied population based CDD finite
mixtures of logistic regressions to determine if the components identified by the
finite Gaussian mixture models might differ (i.e. are heterogeneous) with respect
to mortality characteristics.

The aim of this paper is to document the statistical properties of CDD -
finite mixtures of logistic regressions as a method of modeling the relationship
between birth weight and infant mortality. The specific aims are: a) to apply the
model to 12 populations by sex and ethnicity born in New York State 1985-88 to
establish the general range of variation for human populations living in
developed environments, b) to identify potential sources of estimation bias in the
procedure, ¢) to demonstrate that the parameter estimates are consistent, and d)
examine Type | error and Power (1-Type Il error) of the statistic. Collectively
these aims provide a context for interpreting the important characteristics of the
relationship between birth weight and infant mortality.

The Model

Gage (2002a) and Gage et. al. (2004) define CDD - finite mixtures of
logistic regressions for the Gaussian two-subpopulation case as the joint density
of birth weight and occurrence of death:

f((x,y):8,6) = T(y|x56)f(x;6) (1)
The birth weight density, f(x;6), is given by;



f(x.6=(8,6, m)=7N(x,6 = (14,07)) + L= DN(X:6, = (1, 07)) (2)

with ttdefined as the proportion of births belonging to the Gaussian density
labeled 1, (the mixing proportion), and for i=1 to 2, N(x;6, = (&,07)) being
Gaussian densities with mean g and variance oi* truncated at 0.0 .
The probability of death conditioned on birth weight is given by:

f(y =1%8=(8.8%).0) =q(x;6)P(x;8”) + (L-q(x;)P(x;?) (3)
where an infant of birth weight x in the it subpopulation has probability of

dying given in quadratic logistic form:

P(X,,Bl) — eai +bix+ci%+ eai +biX+CiX2) (4)

and q(x;6) is the conditional probability that an infant of birth weight x belongs

to subpopulation 1. The model’s birth weight density form determines that:

.- TN(X;6
a050)= ™D o xa) +a- mneee)y )

The mixing proportion has been transformed to

p=logit(7n)

which transforms the 0.0 and 1.0 bounds on 1tto minus and plus infinity
respectively. Subpopulation-and-birth-weight-specific infant mortality is
assumed to be U-shaped, hence the quadratic assumption in equation 4. This
guadratic form is the parsimonious parameterization of infant mortality in the
homogeneous case (Fryer et al. 1984). Altogether there are 11 parameters, 5
defining the mixture, and 6 defining subpopulation-specific mortalities (Table 1).
Table 1 about here.

The CDD-finite mixture of logistic regressions is identified when the finite
mixture model, and the individual logistic regressions are identified. In
particular it is noted that equation 1 shows the joint density as the product of the

marginal birth weight density and a second factor, which is a mixture of logistic



regressions. The mixture birth weight density is identifiable up to assigning
which Gaussian density in the mixture model is called subpopulation 1
(McLachlan and Peel 2000). We have followed the convention of assigning
subpopulation 1 to the subpopulation accounting for the majority of births. For
notational convenience this subpopulation is subscripted p, and called the
primary subpopulation, and the less numerous subpopulation is subscripted s,
and referred to as the secondary subpopulation. Further the logistic terms are
identified if the data matrix is full rank. The CDD-finite mixtures of logistic
regressions differs from the usual definition of a finite mixture model of logistic
regressions, which are not identifiable when the observations are Bernoulli
(Wang 1994; McLachland and Peel 2000). The difference is that the traditional
model defines the mixture as an unknown parameter, where as in the CDD-finite
mixtures of logistic regression the mixture is not a parameter, but is a function of
the components of the identifiable continuous birth weight mixture model. Thus
the CDD-finite mixtures of logistic regression is likely to be applicable in many
situations where the traditional model is not.

There are several important but unresolved problems with respect to finite
mixture models, choice of parametric distribution (e.g. Gaussian versus log
Gaussian etc), and statistically testing the number of components in a mixture. It
is likely that these two issues interact, that is the statistically optimum number of
components might depend on the assumed parametric densities of the
underlying components. Little work has considered alternative parametric
component densities in the context of mixture models, however, see Gage
(2002b) for a study of this issue with respect to birth outcomes. On the other
hand the development of a statistical test for the number of components in a
mixture has received considerable attention in the statistical literature. Since
hypotheses concerning the number of components occur on boundaries, the
standard likelihood ratio criterion is not appropriate. The best procedure for

testing significance is the bootstrap method suggested by McLachlan (1987).



Given the increasing popularity of finite mixture models as a method of cluster
analysis, developing a simple statistical test for the number of components is an
active area of research, see (McLachlan and Peel 2000) for a review. However,
with respect to birth outcomes, previous research using bootstrap methods (Gage
2003), less rigorous penalized likelihood procedures (Gage and Therriault 1998),
and theoretical arguments (Gage 2003) all suggest that birth cohorts are
composed of at least two Gaussian components.

Further, from the point of view of covariate density defined mixtures of
logistic regression the important new issue is whether the covariate defined
densities provide useful information concerning heterogeneity in the dependent
variable. Hence the hypothesis tests examined here question whether the
dynamics of the dependent variable differ between the components, i.e., that is
the null hypothesis ap=as, bp=bs and cp=cs given that there are two Gaussian
components. In fact it is not necessary that the finite mixture model represent
true underlying subpopulation structure. Many arbitrary groupings of
individuals have proven useful in practical applications. Within the birth
outcomes literature the concept of “low birth weight” is a classic example. Itis
preferable, however, that the covariate defined densities be theoretically

interpretable and approximate the true subpopulation structure.

Data and Methods

Data Sets

The empirical birth outcomes data employed here consists of births to six
ethnic groups by sex born in New York State over the period 1985 to 1988 (Table
2). Births from inter-ethnic unions, with missing birth weights, and multiple
births are excluded. The data for all ethnic groups are analyzed for the four-year
period. Due to their comparatively large sample sizes, the European American
birth cohorts are also analyzed disaggregated by year. Sample sizes vary from

about 6000 in the case of Asian Americans to over 270,000 in the case of



European Americans over the four-year period. Missing birth weights do not
exceed 371000 in any of the populations, however, missing birth weights are
least common in Asian and African Americans and most common in European
American births.

Table 2 about here

Data for simulation studies are generated using the parameter estimates
for two observed birth cohorts, that is African American females and European
American males, and from 1000 simulated sets of parameters. The 1000
simulated parameter sets are obtained by randomly choosing parameters with a
uniform distribution across the range of the observed parameter sets, that is, the
observed cohorts listed in Table 2. However, the Asian and African American
Hispanic parameter estimates are excluded from the range since these
populations are represented by small sample sizes and may incorporate
excessive errors. The covariance structure among the 11 parameters is not
considered when generating the 1000 parameter sets. Consequently, these
parameter sets can and do represent model dynamics well outside the range of
variation observed in the birth cohorts listed in Table 2. Each test based on an
observed parameter set represents the statistical behavior of the model at a single
point in the 11 dimensional parameter space (based on 1000 replicates), while
tests based on the 1000 randomly selected parameter sets incorporated 1 replicate
at each point and refer to an average statistical behavior across a broad range of
conditions.

In all cases, simulated birth cohorts are generated randomly from
equation 1 based on the parameter values. Each simulation trial consists of
generating a cohort of births randomly from a set of mixture model parameters.
The probability of dying is then generated for each simulated birth based on
birth weight, subpopulation membership, and the mortality parameters. Deaths

to individuals are assigned by generating a random number in the range 0.0 to



1.0 from a uniform distribution. These simulated birth cohorts are then analyzed
using the same fitting procedures used to analyze the observed birth cohorts.
Parameter Estimation

The model is fitted using the methods of maximum likelihood with
minimization algorithms from the Splus (ms) (Bates and Chambers 1992) and R
(nls) (Ihaka and Gentleman 1996) statistical libraries. For each birth cohort
several different models are fitted in succession. First a five parameter, two
component Gaussian mixture model is fitted to the birth weight distribution.
Second a standard homogenous logistic regression is fitted to infant mortality
parameterized as a second-degree polynomial of birth weight (Fryer et al. 1984).
Third, the population-based mixture of logistic probabilities is fitted to infant
mortality where mortality in each component (subpopulation) is parameterized
as a separate second-degree polynomial of birth weight. In this case, the five
Gaussian mixture model parameters are fixed at the values obtained in step 1,
and only the six logistic parameters are allowed to float. Finally, we fit the full
model allowing all five mixture parameters and six logistic mortality parameters
to float. The parameter estimates from step 1 and step 3 are used as starting
values for the final fitting procedure. We have found that the step 1 and step 3
estimates (a two-stage procedure) are usually very similar to estimates obtained
from the full model. However, only the full procedure provides true maximum
likelihood estimates.
Confidence Intervals

Bias corrected confidence intervals for the parameter estimates, the birth
weight specific mixture densities, and the birth weight specific mortality rates are
estimated with bootstraps (Staude and Sheather 1990). For each estimate, two
bootstraps of 100 iterations each are carried out by sampling with replacement
from the observed data set a sample the same size as the observed data set. The
bootstrap 95 percentile confidence limits are obtained from the first bootstrap set.

Bias is estimated as the difference between the mean of the second bootstrap set



and the estimate obtained from the observed data set. The confidence limits are
corrected for bias by adding the bootstrap estimate of bias to the upper and
lower confidence limits. Classical confidence intervals for the parameter
estimates are also computed from the Hessian using R (Ihaka and Gentleman 1996)
for comparison with the bootstrap results.

Statistical Properties of the Parameter Estimates.

Simulation studies are used to determine if the parameter estimates are
asymptotically unbiased and consistent. Three test cases are employed; the
parameter estimates for the African American females, the European American
males, and the sample of 1000 simulated parameter sets. In the case of the
observed parameter sets 1000 birth cohorts at sample sizes of 25,000, 50,000 and
100,000 are randomly generated from the known parameters estimates, and then
analyzed using the procedures presented above in an attempt to recover the
parameters. In the case of the 1000 randomly generated parameter sets the
procedures are the same except that only one birth cohort is generated for each of
the 1000 simulated parameter sets. Note that the parameters generating the data
differ for each trial, where as this is not the case for trials on the observed birth
cohorts.

Bias is defined as the difference between the mean of the results obtained
from the simulated cohorts and the parameters generating the cohort. Significant
bias is identified by a series of t-test. If the mean of the 1000 sets of parameter
estimates can not be statistically distinguished from the generating parameters,
the method is considered to provide unbiased estimates.

An estimator is considered consistent if the mean square error of the
estimates declines to 0.0 as sample size increases to infinity. We present the
decline in mean square error of the parameters with respect to sample size, for
samples of 25,000, 50,000, and 100,000 using the three standard test cases. In
small data sets both observed (see African American Hispanic females below)

and simulated, a subpopulation and birth weight-specific mortality curve can be



inverted, that is, rather than a U-shaped mortality curve with a minimum
mortality within the range of the data there is an n-shaped mortality curve for
one of the subpopulations with a maximum mortality. We refer to this
phenomenon as a “flip” in the mortality curve. From a biological point of view
U-shaped mortality is expected for a quantitative trait such as birth weight, that
IS minimum mortality is expected to occur close to the mean of the quantitative
trait and higher mortality at very low and very high birth weights.
Consequently, n-shaped mortality (a “flip”’) is not biologically reasonable. It
implies lower mortality at the extremes of the birth weight distribution. In any
event, this inversion has a large impact on the parameter estimates and hence on
the mean square error of the parameter estimates, although the effects on the
predicted birth weight specific mortality are generally very small within the
range of observed data. Consequently the decline in the frequency of “flips” and
the decline in the mean squared error excluding “flips” are presented separately.
In addition we have determined if “flips” are more likely in some regions of the
11 dimensional parameter space than others, using the sample of 1000 simulated
parameter sets. In this case 50 replicates at each of the 1000 simulated parameter
sets are generated for the 25,000 cohort size. A relatively small sample size is
used because flips are common only at small sample sizes. The probability of
flipping at each of the 1000 points in the 11 dimensional parameter space is then
modeled using standard logistic regression. The dependent variable is the
flipping phenomena. The independent variables are the values of the generating
parameters.
Hypothesis Testing

Simulation studies are used to examine the use of the standard likelihood
ratio criterion for hypothesis testing. Two aspects of hypothesis testing are
considered; a) type | error, defined as the probability of rejecting the null
hypothesis of homogeneity across components when it is true, and b) power, or

1.0 - type Il error, defined as the probability of rejecting the null hypothesis of



homogeneous mortality when mortality differs among the subpopulations.
These hypotheses do not include the issue of the number of components in the
mixture, since they compare a two-component mixture model incorporating a
single logistic mortality model (ap=as, bp=Dbs, Cp=Cs), t0 a two-component mixture
model incorporating separate logistic mortality on each component (equation 1).
Since this does not include a test concerning the number of components (a
boundry condition), the likelihood ratio criterion is asymptotically chi square
(df=3) and should provide accurate type | errors. However, since practical
applications are conducted with finite sample sizes, potential questions arise
concerning the behavior of the likelihood ratio criterion when Ttis close to 1.0 the
boundry, as well as, the power of an application.

An analysis of type | error similar to that for power described below
indicates that the likelihood ratio criterion is generally chi-square. Explorations
with various sample sizes and values of tincluding values as close to 1.0 as 0.995
remain chi-square. There is no suggestion that the likelihood ratio criterion
increasingly deviates from chi-square (df=3) at small sample sizes and when 1t
approaches 1.0. These results are not reported further here since we could not
find any conditions under which the likelihood ratio criterion failed.

Power is modeled using 10 of the observed, birth cohorts in Table 2 and
the model validated against the results obtained with African American females
and European American males. African American Hispanic females are omitted
due to a “flip” in a mortality curve, (see below). African American female and
European American males were excluded since they are used to validate the
model. The 1000 simulated parameter sets is not used for this purpose because
preliminary analysis indicated that power is close to 100% in these parameter
sets except in a very small proportion of the 11 dimensional parameter space
where the observed population parameter estimates are located. In the 10
observed cases 50 simulated cohorts of 12,500, 25,000, 50,000, and 100,000 are

generated and power (the dependent variable) was estimated by dividing the



number of times the model correctly rejected homogeneous mortality by 50. The
independent variables were chosen based on the theoretical likelihood that they
might influence power and the about which an investigator might a priori be
expected to have an opinion with respect to a particular data set. These are: the
area difference between the primary and secondary birth weight specific
mortality curves (note 1); crude death rates for both the primary and secondary
distributions; the mixing proportion of the distributions; the difference in the
primary and secondary distributions mean birth weights; an indicator of whether
the two birth weight specific mortality curves crossed; and sample size. The area
difference, the crossing of mortality curves, and the separation between the birth
weight distributions are all different aspects of the degree of heterogeneity
between subpopulations. Power should increase as heterogeneity increases. The
primary and secondary crude death rates, and the mixing proportion, as well as,
sample size all influence the magnitude of the number of deaths to be modeled.
Power should increase as the number of deaths observed increases.

Power was also empirically estimated for the African American female
and European American male test cases. In these cases 100 data sets are
generated at 12,000, 25,000, 50,000 and 100,000 sample sizes. Power is estimated
as the number of times the model correctly rejects homogeneous mortality (the
step 2 fit) divided by the number of trials, in this case 100. These results are used

to validate the model described above.

Results
The Observed Birth Cohorts
The parameter estimates and confidence intervals obtained with the full
model for all 18 populations examined are presented in Tables 3, (the mixture
model parameters), 4 and 5, (the primary and secondary mortality parameters
respectively). With respect to the five Gaussian mixture model parameters, the

primary component accounts for 87% to 94% of births with the secondary



component accounting for the remainder . The primary component consistently
has a higher mean birth weight, 3200 to 3546 grams, and smaller standard
deviation, 370 to 478 grams, compared to the secondary component. The mean
of the secondary component ranges from 2542 to 3179, while the standard
deviation varies from 866 to 1158 grams. As a consequence of the larger
variance, the secondary distribution accounts for most births in both the lower
and upper tails of the birth weight distribution (Figure 1).

Table 3 about here

Table 4 about here

Table 5 about here

Figure 1 about here

The subpopulation and birth weight specific infant mortality rates indicate

that infant mortality is characteristically U-shaped for both components (Table 5,
and Figure 2). There are several cases where mortality does not increase at the
highest birth weights and mortality may be L-shaped rather than U-shaped, i.e.,
Asian American males and females both primary and secondary mortality,
African American male secondary mortality and African American Hispanic
male primary mortality. In these cases the confidence intervals for the squared
term of the primary mortality polynomial includes 0.0. Nested analyses confirm
that these parameters are not significant (Table 6). There is one anomalous case,
African American Hispanic females, in which primary mortality is estimated to
be n-shaped rather then U-shaped, as indicated by a positive linear (b:) and
negative squared (c1) term in the mortality polynomial (Figure 3). The bootstrap
confidence limits indicate that neither the intercept, linear or squared terms for
the primary subpopulation are significantly different from 0.0 for this estimate
(Table 4). Nested analysis confirms that an L-shaped mortality model (c1=0.0) is
parsimonious for African American Hispanic females (Table 6). Figure 4 shows
mortality for African American Hispanic females based on this model (c1=0.0),

which closely resembles Figure 3 at least over the range where the primary



component dominates. The restricted range of birth weights of the primary
subpopulation explains why in the full model primary mortality can be n-shaped
and still fit the observed mortality data well (Figures 3 and 4). Thus none of the
observed data supports an n-shaped birth weight-specific primary or secondary
mortality curve. In general, the birth weight specific infant mortality curves are
U-shaped (or perhaps L-shaped) for all populations.

Figure 2 about here

Figure 3 about here

Figure 4 about here

Table 6 about here

The bootstrapped standard errors of the parameter estimates (Tables 4

and 5) indicate that n-shaped mortality is observed in some simulated samples of
the Asian American populations of both sexes, the African American Hispanic
male cohort and even the 1985 European American female cohort, in addition to
the African Hispanic female cohort. Of these cases nested analysis indicates that
mortality is not heterogeneous in three, the Asian (male and female) and the 1985
European (female) cohort (Table 6). Some additional characteristics indicative of
the level of heterogeneity in the observed cohorts are presented in Table 7.

Table 7 about here

Surprisingly, secondary infant mortality is generally lower at every birth

weight compared to primary infant mortality (Figure 2)! Nevertheless, overall
(crude) secondary infant mortality is higher then overall crude primary mortality
usually by an order of magnitude (Table 7). Thus this system represents an
excellent example of Simpson’s paradox. In two cases, the mortality curves do
cross, that is, for Asian American females and African American Hispanic
females (Figure 3 and 4, Table 7). As noted above, the Asian American female
cohort can not reject the null hypothesis of homogeneity of mortality. The cross

remains for African American Hispanic females even after eliminating



insignificant terms (Figure 4). Both of these results are based on small
population sizes and may be unreliable.

As a result of the characteristic patterns of subpopulation and birth weight
specific mortality and the dynamics of the mixture, total mortality, that is
combined across both subpopulations, is not a simple U-shape (Figures 2, 3 and
4). In particular, there is a shoulder at about 2500 grams and often a second
shoulder at 5500 grams (Figures 2,3, 4). The shoulders are due to the dynamics
of the mixture and the differences between the mortality curves. The shoulders
occur at birth weights where transitions from predominately secondary births to
predominately primary births and then back again to predominately secondary
births take place.

Bootstrapped confidence intervals on the mortality curves vary across
birth weights (Figure 5). The intervals tend to be larger where the shoulders
occur, that is, where the transitions from predominately secondary to
predominately primary occur. The decrease in confidence in these regions is
probably a result of the decreased classificatory power of the mixture model at
birth weights where the mixture is approximately 50% primary and 50%
secondary. The relatively small number of births at heavier birth weights also
contributes to the large confidence intervals at large birth weights. As a result it
is not clear if these upper shoulders are real or artifacts of the model specification
(quadratic functions of birth weight).

Figure 5 about here.

The bootstrapped confidence intervals for the parameter estimates (Tables
2 and 3) suggest that the Hessian can considerably underestimate the true
confidence intervals. The ratio of Hessian to bootstrapped confidence interval
lengths for two cases, African American females and European American males,
are presented in Table 8. The mean ratio across all 11 parameters is 0.96 in the
case of African American females but only 0.80 in the case of European American

males. The birth weight mixture model parameter standard errors estimated



from the Hessian and the bootstrap are reasonably similar. However, the
mortality logistic regression parameter standard errors are considerably smaller
when estimated from the Hessian. These results suggest that the likelihood
surface may not be well approximated as a quadratic at the solution. The
bootstrap confidence intervals are preferred, since they make no assumption
about the curvature of the likelihood at its maximal value.
Table 8 about here.
The Statistical Properties of the Parameter Estimates
The fitting procedure provides unbiased estimates of the parameter values
at least with samples of 25,000 to 100,000 (Table 9). In general, the estimated bias
is small and/or declines with sample size. None of the estimated biases
approach statistical significance (the largest value of t is 0.63).
Table 9 about here
The mean square error of the parameter estimates exclusive of “flips”
declines with sample size, indicating that the parameter estimates are consistent
(Table 10). The mean square error of the estimates declines fastest for the African
American female data and slowest for the 1000 simulated data sets. Two of the
comparisons for the simulated parameter sets do not decline; 1t (25,000/50,000)
and o1 (50,000/100,000). This is not surprising given that there are 66
comparisons altogether. Moreover, both of these cases decline across the
25,000/100,000 comparison. In general mean square error declines with sample
size in all cases indicating the procedure is asymptotically consistent.
Table 10 about here
The results presented in Table 10 do not include cases in which the fits
displayed n-shaped mortality. These were simply omitted from the calculations.
In all cases, the parameters generating these simulated data represent
heterogeneous U-shaped mortality curves. Nevertheless, n-shaped mortality
curves were observed in the European American male case and in the 1000

simulated parameter sets (Table 11). No cases of flips are observed with the



African American female simulations at any sample size. Clearly this problem
diminishes as sample size increases. Further the differences between the African
American female and European American male results suggest that the
frequency of “flips” varies across the 11 dimensional parameter space. Inclusion
of the n-shaped mortality results in Table 10 would simply make the decline in
mean square error with sample size more dramatic. Again the procedure
appears to be asymptotically consistent.
Table 11 about here

To understand the variation in “flipping” across the 11 dimensional
parameter space, 50 simulation trials are carried out for each of the 1000
simulated data sets at the 25,000 cohort size. This sample size was used because
these issues are most extreme at smaller sample sizes. The results were split into
2 groups: n-shaped mortality in the primary subpopulation and flips in the
secondary subpopulation. The probability of flipping was modeled with logistic
regression using the simulated data’s 11 generating parameters as the
independent variables. The logistic regression model for predicting flips in the
primary subpopulation and birth weight specific mortality is presented in Table
12. The results suggest that all Il parameters significantly influence the
probability of an n-shaped mortality curve, but the mortality parameters are the
most influential. In particular, as secondary mortality increases (positive
coefficients) and primary mortality decreases (negative coefficients) the
probability of a primary flip increases. This suggests that as the two birth weight
specific mortality curves come closer together (that is, lower heterogeneity) the
primary subpopulations birth weight specific mortality curve is more likely to
flip.

Table 12 about here

The logistic regression model for secondary flips is presented in Table 13.

In this case, the variables that have the greatest influence on the probability of a

secondary flip are the proportion of births attributed to the secondary



distribution, the mean of the secondary distribution and all 3 secondary
mortality coefficients. This suggests that secondary flips are affected mostly by
characteristics of the secondary distribution. As the number of births in the
secondary distribution decreases and/or secondary mortality decreases the
probability of a secondary flip increases. This suggests that the secondary
flipping phenomenon is solely a sample size problem, i.e. the number of infant
deaths.
Table 13 about here

Power

Samples of 50,000 births appear to be necessary to insure powers of 80% to
reject the homogeneous null hypothesis when it is false (Table 14). For example,
African American females require sample sizes of only 12,500, while European
American males need sample sizes of at least 50,000 births to achieve 80% powver.
In both cases power approaches 100% for samples of 100,000. Clearly, relatively
large sample sizes are necessary, however, the characteristics of the population
are also an important determinant of power.

Table 14 about here

To explore the characteristics that effect power, and to provide a method
of estimating power for future applications we have estimated power for the ten
remaining independent data sets described in Table 2, excluding African
American females, European American males and Hispanic African American
females. The Hispanic African American female cohort is eliminated due to the
n-shaped primary mortality curve, which is theoretically anomalous and
probably due to small sample size. The empirical power estimates for these ten
populations are consistent with the findings presented earlier concerning
heterogeneity in mortality. The null hypothesis of homogeneity could not be
rejected in the cases of Asian females and males and European American females
in 1985 (Table 6). The estimates presented in Table 15 indicate that power is less

then 50% in all three cases given the sample sizes in Table 2. The covariates for



the analysis of power, except for sample size, are all logically related to the
apparent heterogeneity of the birth cohort and are presented in Table 7.
Table 15 about here

Logistic regression analysis of the data in Table 15 with the data in Table 7
as covariates, suggest that in addition to sample size, power is a function of the
heterogeneity between the subpopulations (Table 16). Power increases as five of
the covariates increase. The most important factor is of course sample size. A
higher overall primary crude death rate also increases power. But, the other
measures of the magnitude of deaths modeled, secondary crude death rates and
the mixing proportion do not appear to influence power. On the other hand all
of the indicators of heterogeneity influence power. The area between the
mortality curves (note 1) is almost as important as sample size. If the birth
weight and subpopulation specific mortality curves cross, indicating different
birth weight specific dynamics, power tends to increase. Similarly the difference
in birth weight means, that is, the greater the separation between the
subpopulation birth weight densities, increases power. Thus increased
heterogeneity in mortality, and birth weight density between the subpopulations
is associated with greater power.

Table 16 about here

Validation of this model using the estimates of power obtained with
simulation techniques for African American females and European American
males (Table 13), two cohorts excluded from the logistic regression sample, is
presented in Table 17. The African American female cohort has a greater area
difference between the subpopulation specific mortality curves (by a factor of
1.2), a greater difference in birth weight means (by a factor of 1.2) and a greater
crude primary death rate (by a factor of 1.8) than did the European American
male cohort (Table 7). The mortality curves did not cross in either data set
(Figure 2). As a result the predicted power for African American females is

higher than for European American males. This is consistent with the estimates



of power for these same populations based on simulation trials. In general the
model does an excellent job predicting power for the African female and
European male data sets. Power is typically slightly underestimated making the
result appropriately conservative. The notable exception is European American
males at 100,000, which is over estimated. In this case, however, the power
estimate is above 90% using either prediction.
Table 17 about here

Discussion

Perhaps one limitation of CDD - finite mixtures of logistic regressions in
the context of analyzing infant mortality in low mortality populations is that
relatively large sample sizes are required to reject the null hypothesis of
homogeneity when it is incorrect. At least in one case given above, samples
greater than 50,000 are necessary to insure reasonable power. This is partly
because infant mortality is a relatively rare event, at least in the developed areas
of the world such as New York State, and because the degree of heterogeneity
between the subpopulations is not necessarily large both in terms of mortality
and separation of birth weight densities. On the other hand, sample sizes as
small as 12,000 are sufficient in other cases with greater heterogeneity, such as
African American females. In any event in low mortality populations large data
sets are generally available concerning birth outcomes. Considerably smaller
samples may be sufficient in high mortality populations where large data sets are
harder to obtain. A model for predicting power is provided to guide future
investigations.

In practical applications of CDD-finite mixtures of logistic regressions to
birth outcomes data, the theoretical principles of maximum likelihood appear to
apply. Type | error does not appear to be problematic even when mmapproaches
1.0, although the likelihood ratio criterion fails theoretically at the boundry,
1=1.0. Finely, the parameter estimates are asymptotically consistent and

unbiased.



The nested analysis and simulation studies both indicate that n-shaped
mortality curves (“flips”) are a function of small samples and the limited range of
primary subpopulation birth weights. First, the analysis of the observed
population that “flipped” is associated with non-significant parameter estimates.
Flips do not occur with parsimonious models where non-significant parameters
have been eliminated. Second, simulation studies, where the mortality pattern is
known to be U-shaped, also occasionally return an n-shaped pattern. In all cases
that “flip”, observed and simulated, the declining right side of an n-shaped
second degree polynomial appears to fit marginally (but not significantly) better
then a U-shaped model. Finally, the “flips” are unlikely to confuse a
knowledgeable investigator at least in applications to quantitative biological
traits, since n-shaped mortality curves make no biological sense. Thus there is
good reason to believe that the n-shaped mortality pattern estimated for African
American Hispanic females is a statistical artifact. It is possible that the flipping
behavior might be eliminated by an alternative specification of the
subpopulation and birth weight specific mortality curves, substituting something
less flexible than a second degree polynomial.

Considering available sample sizes for the observed populations and
power, the CDD finite mixture of logistic regressions model suggests that birth
cohorts typically have the following characteristics: a) the birth cohort is
composed of at least two subpopulations heterogeneous with respect to infant
mortality, b) the primary subpopulation (accounting for the majority of infants)
has a higher mean and lower standard deviation then the secondary
subpopulation, as a result of the high standard deviation the secondary
subpopulation accounts for the majority of births at both low and high birth
weights, c) the secondary subpopulation is the population at highest overall risk,
but the birth weight specific mortality of the secondary subpopulation is
generally lower at most birth weights, d) both primary and secondary birth

weight specific mortality is U or perhaps L shaped, and d) the birth weight



specific total infant mortality curve has a shoulder around 2000 grams. The
observed populations that are exceptions to these characteristics all have very
low statistical power. These results are consistent with earlier results concerning
birth weight distributions (Fryer et al. 1984; Gage and Therriault 1998) and infant
mortality (Gage 2002a).

It is hypothesized that the primary subpopulation represents a “normal”
fetal development group, while the secondary subpopulation represents fetuses
that have been disturbed or compromised during fetal development (Fryer et al.
1984; Gage and Therriault 1998). The lower birth weight specific infant mortality
of the secondary subpopulation may be due to higher fetal losses to this group
who are consequently more robust than births at the same birth weight in the
primary subpopulation (Gage 2002a). Further analysis and comparison of the
African and European birth cohorts presented above indicate that the pediatric
paradox, the observation that low birth weight African American births have
lower mortality than low birth weight European American and presumably
socially advantaged births(Gage et al. 2004), is entirely due to the secondary
subpopulation. African American primary births have higher birth weight
specific mortality compared to European American primary births. On the other
hand, African American secondary births have lower birth weight specific
mortality than European American secondary births (Gage et al. 2004) possibly
as a result of higher fetal loss rates among African Americans. Thus the lower
mortality at low birth weights among African Americans might be due to higher
levels of stress resulting in higher fetal losses in the disadvantaged population,
resolving but not identifying the ultimate cause of the paradox (Gage et al. 2004).

The CDD-finite mixtures of logistic regressions can be elaborated in a
number of ways. First, other indicators of heterogeneity could be studied, for
example, in the context of birth outcomes, gestational age (Gage 2000). Second,
multivariate mixtures can be substituted for univariate mixture models. In the

case of birth outcomes, a birth weight by gestational age mixture would be a



reasonable extension (Gage 2003). Third, finite mixture models need not be
restricted to Gaussian mixture models. Other parametric specifications could
also be examined (Gage 2002b). Fourth, the application is not necessarily limited
to logistic regression, but could be generalized to other types of population based
regression analysis as well. Finally, covariates, can be introduced into the
mixture and logistic terms of the model, e.g. in the context of birth outcomes,
maternal age, parity or SES etc. could be introduced into the mixture or logistic
models or both. Covariates on the characteristics of the birth weight mixture
model influence infant mortality indirectly through birth weight (Gage 2003).
Additional covariates (other than birth weight) incorporated into the logistic
probabilities influence infant mortality independently of birth weight (i.e.
directly) and/or interact with birth weight. In theory by placing the same
covariate in the mixture and logistic terms the direct and indirect effects of a
covariate on infant mortality can be disentangled, fully operationalizing the
proximate determinants model of infant mortality (Eberstein 1989). Further, the
covariates could have differential and even opposite effects on the two
subpopulations. Thus conventional analyses assuming homogeneity of birth
cohorts may underestimate or even completely overlook the effects of important
covariates. An analysis with covariates might elucidate the causes of the
differences between African and European American birth weight distributions
and infant mortality rates. Conventional analyses have been unable to resolve
these differences (Costa 2003; Wilcox and Russell 1990).

CDD - finite mixtures of general linear models provide a new method of
controlling for hidden heterogeneity. It differs from other models of “hidden”
heterogeneity (McLachlan and Peel 2000; Wang 1994) (GLMs) and (Heckman and
Singer 1982; Vaupel, Manton and Stallard 1979) (failure time models), where the
mixing parameter is an unknown. CDD - finite mixtures of general linear
models, on the other hand, attempt to obtain information about “hidden”

heterogeneity from a finite mixture model. Unlike the previous methods, CDD



base models cannot correct for sources of heterogeneity that are not reflected in
the chosen covariates marginal distribution. The disadvantage of this approach
is that some unmeasured heterogeneity may remain in the analysis. The
advantage is that the causes and consequences of the heterogeneity identified can
be explored. For example, in the birth weight example presented above, the
finding that there are two subpopulations in the birth cohort immediately raises
several questions, do these subpopulations differ with respect to mortality? What
are the characteristics of the two subpopulations? etc. For example, the CDD-
finite mixtures of GLMS could be used to examine the hypothesis that the
secondary subpopulation is a product of disturbed fetal development by
determining if adverse conditions of pregnancy are associated with the
secondary subpopulation, etc. On the other hand, with the generic models the
sources of “hidden” heterogeneity are controlled for but remain hidden. Thus
the CDD finite mixtures of general linear models is less general, but potentially
more informative because it naturally leads the investigator to ask questions
concerning the source of the heterogeneity, as well as, providing a methodology
for identifying the sources. It will be useful even with finite mixtures of Poisson
regressions where the generic approach is also possible. As a result, currently
“hidden” heterogeneity may eventually become directly observable and
understood.

The CDD approach has applicability wherever finite mixture models are
useful. The utility of the method for studying infant mortality with the addition
of covariates that are “proximate determinants model of infant mortality”
(Eberstein 1989; Menken 1987), is clear based on the results presented above. The
same sort of analysis is relevant to examination of the fetal origins hypothesis,
I.e., that conditions, (disturbances) during fetal development may cause adult
sequelae, for example, the association of low birth weight with heart disease in
adults (Godfrey and Barker 2000). Further, given the explosive growth of finite

mixture models as a method of cluster analysis (McLachlan and Basford 1988;



McLachlan and Peel 2000), CDD finite mixtures are likely to identify potentially
heterogeneous components in a broad range of variables and hence be useful in a
broad range of applications. The covariate density defined finite mixture method
could potentially double the information available for analyses, since the same
covariate can be used to identify heterogeneity “hidden’ by its density
distribution, as well as, serve as a conventional covariate measuring the level of
the variable.

Conclusions

Maximum likelihood estimates of Covariate Density Defined Finite
Mixtures of Logistic Regressions applied to birth weight and infant mortality are
asymptotically consistent and unbiased. In low mortality settings (such as New
York State) relatively large sample sizes (>50,000) are needed to insure sufficient
power. Fortunately, in low mortality settings large samples are readily available.
Considerably smaller sample sizes may be sufficient in high mortality settings,
where large data sets may not be available.

The analyses indicate that the relationship between birth weight and
infant mortality has the following characteristics, a) birth cohorts are composed
of two or more subpopulations, b) the majority subpopulation has a higher mean
and lower variance compared to the minority subpopulation, and so the minority
subpopulation accounts for most births at both extremes of the birth weight
distribution, ¢) the minority subpopulation has higher crude death rates but
lower birth weight specific mortality at every birth weight compared to the
majority subpopulation, and d) total birth weight specific infant mortality is not a
simple U-shape but has a shoulder at around 2000 grams and perhaps a second
at higher birth weights..

Finally, covariate density defined finite mixtures of logistic regressions is
one method of correcting for sources of “hidden” heterogeneity. Given the
increasing use of finite mixture modeling for cluster analysis, it is likely that

potentially “hidden” heterogeneity may be identifiable from the marginal



distribution of a wide variety of covariates. This could double the information
available to these analyses, since the covariates may also be incorporated as
conventional covariates. Consequently, population based parametric mixtures of
logistic regressions, as well as, parametric mixtures of other types of regression

should have broad statistical applicability.
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Notes

1. Area difference between the primary and secondary birth weight specified
mortality curves (shown in Figure 2) is a relative measure. In this study the
area differences are measured between 50 and 6000 grams and mortality is a
rate per 1,000 births. This standardizes the measurements to have a
maximum value of 5,950,000. The mean value of the 13 independent data sets
used in the power analyses is 1,072,175 with a standard deviation of
222,380.6. Estimates for each of the observed birth cohorts are presented in

Table 5a.
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Figure Captions

Figure 1. The mixture model fitted to African American female births (1985-88).
The results are qualitatively similar for the other populations examined. The
solid line represents the total density, while the short dashed line is the density
of subpopulation 1 and the long short dashed line is the density of subpopulation

2. The rug plot displays the density of the original data.

Figure 2. The mortality model fitted to African American female births (1985-88).
The results are similar for the other populations (see text for qualifications). The
solid line represents the total death rate, while the short dashed line is the death
rate of subpopulation 1 and the long short dashed line is the death rate of

subpopulation 2. The rug plot displays the density of births.

Figure 3. The full mortality model fitted to African American Hispanic female
births (1985-88). The solid line represents the total death rate, while the short
dashed line is the death rate of subpopulation 1 and the long short dashed line is
the death rate of subpopulation 2. The n-shaped birth weight specific mortality

cure for subpopulation 1 is biologically unrealistic.

Figure 4. A reduced mortality model (c1=0.0) fitted to African American
Hispanic female births (1985-88). The solid line represents the total death rate,
while the short dashed line is the death rate of subpopulation 1 and the long
short dashed line is the death rate of subpopulation 2. Subpopulation 1 mortality
declines linearly with birth weight (the graph shows this on a log scale) and is
biologically more realistic, although in general quantitative traits are expected to

display high mortality at both high and low levels of the trait.



Figure 5. The mortality model fitted to African American female births (1985-88)
with 95% confidence intervals. The solid line represents the total death rate
(same as Figure 2). The dashed lines represent the 95% confidence limits for the

total death rate. The rug plot displays the density of all births.
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