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H∗(X )

Let X = Gr(k , n). The opposite Borel B− ⊂ GLn acts on X with
finitely many orbits. The Schubert varieties Xλ are closures of
these orbits. Xλ admits a Schubert class σλ(X ) in H∗(X ).

Since these form a Z-basis for H∗(X ),

σλ(X ) ` σµ(X ) =
∑

ν⊆k×(n−k)

cνλ,µσν(X ), where cνλ,µ ∈ Z≥0.

These cνλ,µ are the Littlewood-Richardson coefficients.
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Structure coefficients for H∗(X )

Theorem

cνλ,µ = #{T ∈ SYT(ν/λ) : Rect(T ) = Sµ}

Below are those T ∈ SYT((3, 2, 1)/(2, 1)) such that

Rect(T ) = S(2,1), so c
(3,2,1)
(2,1),(2,1) = 2.
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Lagrangian Grassmannian

Let Z = LG(n, 2n) be the Lagrangian Grassmannian of
n-dimensional isotropic subspaces of C2n.

The Schubert classes σλ(Z ) ∈ H∗(Z ) are indexed by strict
partitions fitting inside the shifted staircase

ρn = (n, n − 1, n − 2, . . . , 3, 2, 1).

Example: λ = (4, 3, 1) ⊂ ρ4

⊂
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Structure coefficients for H∗(Z )

These σλ(Z ) form a Z-linear basis of H∗(Z )

σλ(Z ) ` σµ(Z ) =
∑
ν

f νλ,µσν(Z ), where f νλ,µ ∈ Z≥0.

Theorem [Worley (1977)]

f νλ,µ = 2`(ν)−`(λ)−`(µ) ·#{T ∈ SYT(ν/λ) : Rect(T ) = Sµ}.

Let λ = µ = (3, 1), ν = (4, 3, 1). Below are those T ∈ SYT(ν/λ)
such that Rect(T ) = Sµ. Thus, f νλ,µ = 23−2−2 · 2 = 1 since

T1 =
1

2 3

4
, T2 =

3

1 4

2

7→ S(3,1) =
1 2 3

4
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Structure coefficients for H∗T (Z )

Consider equivariant Schubert classes ξλ(Z ) ∈ H∗
T (Z ). Then

ξλ(Z ) · ξµ(Z ) =
∑
ν⊆ρn

F νλ,µξν(Z ).

Theorem [Graham (2001)]

F νλ,µ ∈ Z≥0[γ1, γ2, . . . , γn],

where the γi are simple roots.

Problem

Determine a combinatorial rule to compute F νλ,µ.
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Anderson-Fulton ring

Anderson-Fulton introduced a ring Γ with Z[z ]-basis {Ωλ}λ⊆ρn .
Define structure coefficients by

Ωλ ·Ωµ =
∑
ν⊆ρn

Lνλ,µΩν.

Problem

Determine a combinatorial rule to compute Lνλ,µ.

Anderson-Fulton connected Γ to the equivariant Schubert calculus
of Z . That is,

F νλ,µ(α1 7→ z , α2 7→ 0, . . . , αn 7→ 0) = Lνλ,µ.
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Shifted Edge Labeled tableaux

For λ, µ, ν ⊆ ρn, let

dνλ,µ := #{T ∈ eqSYT(ν/λ, |µ|) : eqRowRect(T ) = Sµ}.

Define Dνλ,µ = 2L−∆z∆dνλ,µ, where

∆ = |λ|+ |µ|− |ν| and L = `(λ) + `(µ) − `(ν).

Example

Let λ = (2), µ = (3, 1), ν = (3, 1).

T1 =
3

2
1

4
, T2 =

3

1
24

7→ S(3,1) =
1 2 3

4

Dνλ,µ = 21−2z2 · dνλ,µ = 2−1z2 · 2 = z2.
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Conjectural rule for Lνλ,µ

Theorem (Commutativity) [R-Yadav-Yong (2019)]

Dνλ,µ = Dνµ,λ.

Theorem (Localization) [R-Yadav-Yong (2019)]

Dλλ,(p) = Lλλ,(p) and Dρnρn,ρn = Lρnρn,ρn .

Conjecture (Integrality) [R-Yadav-Yong (2019)]

Dνλ,µ ∈ Z[z ].

Main Conjecture [R-Yadav-Yong (2019)]

Dνλ,µ = Lνλ,µ.

We have exhaustively checked this Conjecture for all n ≤ 4 and
many n = 5 cases.
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Conclusions

Shifted tableaux compute structure constants in H∗(Z ).

Edge labeled tableaux compute structure coefficients in
H∗
T (X ).

Shifted edge labeled tableaux conjecturally compute structure
coefficients in a specialization of H∗

T (Z ).
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