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Let X = Gr(k, n). The opposite Borel B_ € GL, acts on X with
finitely many orbits. The Schubert varieties X) are closures of
these orbits. X) admits a Schubert class 0, (X) in H*(X).

Since these form a Z-basis for H*(X),

aX)wouX)= > o,0v(X), where ¢y, € Zxo.
vCkx(n—k)

These C;\l,u are the Littlewood-Richardson coefficients.
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Structure coefficients for H*(X)

c;\’)PL =#{T € SYT(Vv/A) : Rect(T) = S,}

Below are those T € SYT((3,2,1)/(2,1)) such that
(3,2,1)

Rect(T) = Sp,1), so €2,1),2,1) = 2.
2
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Lagrangian Grassmannian

Let Z = LG(n,2n) be the Lagrangian Grassmannian of
n-dimensional isotropic subspaces of C2".

The Schubert classes o) (Z) € H*(Z) are indexed by strict
partitions fitting inside the shifted staircase

pp=(nn—1,n—2,...,3,2,1).

Example: A = (4,3,1) C pa
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Structure coefficients for H*(Z)

These 03 (Z) form a Z-linear basis of H*(Z)

oA(Z) — ou(Z Z fonOv(Z), where ' € Z>o.

Theorem [Worley (1977)]

Y, = M) (T € SYT(v/A) : Rect(T) = S},

Let A=u=1(3,1),v=1(4,3,1). Below are those T € SYT(v/A)
such that Rect(T) = Sy. Thus, f;\Yu =23"2"2.2 =1 since

| 1 | 3
T = 2[3] T2= 1[4] = Sen=

[1]2]3]
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Structure coefficients for H3-(Z)
Consider equivariant Schubert classes &\(Z) € H3(Z). Then

E.)\(Z) : ‘(-.p.(z) = Z F)Y,HEN(Z)

vCopn

Theorem [Graham (2001)]

F)?:p, € ZEO[’YDY% oo )Yn]>

where the y; are simple roots.

Problem

Determine a combinatorial rule to compute F{u.
)
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Anderson-Fulton ring

Anderson-Fulton introduced a ring ' with Z[z]-basis {Q)}co,-
Define structure coefficients by

Q- Qu=) 5,0,

vCopn

Problem

Determine a combinatorial rule to compute Ly .
)

Anderson-Fulton connected T to the equivariant Schubert calculus
of Z. That is,

vV v
Fx,u(‘xl = z,00—0,...,x,— 0) = Ly .
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Shifted Edge Labeled tableaux

For A, i, v C p,, let
dr = FHT € eqSYT(v/A, |ul) : eqRowRect(T) = S}
Define D)‘\’yFL = 2L*A2Ad)‘\’)u, where
A=A+ ul— v and L =€¢A)+ (1) — ().
Let A =(2),p=(3,1),v=(3,1).
Ll ]3] [1]2]3]
2 , T2 = 1 = 5(3’1) = 4

—4— 24 —
DY, = 21272 d;\/,u =27172.2=272

r- b
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v

Conjectural rule for LY |
)

Theorem (Commutativity) [R-Yadav-Yong (2019)]
DXy = Dyl

Theorem (Localization) [R-Yadav-Yong (2019)]

A A Pn | Pn
D?\,(p) = LA,(p) and Dp;p, = Log o,

Conjecture (Integrality) [R-Yadav-Yong (2019)]
Dy, € Z[z].

Main Conjecture [R-Yadav-Yong (2019)]

A2 _ v
DML - "Ape
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Conclusions

m Shifted tableaux compute structure constants in H*(Z).

m Edge labeled tableaux compute structure coefficients in
H7(X).

m Shifted edge labeled tableaux conjecturally compute structure
coefficients in a specialization of H3(Z).
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